
Mathemati
s 101 Algebra & Complex Numbers

Professor Peter M. Higgins

Mar
h 8, 2018

This introdu
tory module 
overs basi
 algebrai
 fa
ts and te
hniques along

with introdu
tion to the so-
alled 
omplex numbers. As a general rule, key topi
s

will be itali
ised when they �rst appear and will thereby a
t as a sear
h prompt

that will allow you to resear
h the topi
 to the extent you need to in order to

be able to ta
kle the problems in ea
h module.

The spe
i�
 topi
s that you will meet here in the order they arise in
lude,

rationalising the denominator, indi
es and logarithms, laws of algebra, roots of

polynomials, the Remainder and Fa
tor theorems, imaginary and 
omplex num-

bers in 
artesian and polar form, equations in polar 
o-ordinates, and arithmeti


and geometri
 series.
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Problem Set 1 Algebra

1. Express with a rational denominator

1

3
√
5−

√
7
.

2. Write 1− x2 + 3x in the form a(x− b)2 + c.

3. The graph of y = x2 − 6x + 13 
an be obtained from that of y = x2
by

translating the graph of the latter a units to the right and b units up. Find the

value of a and of b.

4. What number most ex
eeds its own square?

5. That

a+ b

c
=

a

c
+

b

c

is a 
onsequen
e of whi
h law of algebra?

6. If S = 2πr(h + r) and V = πr2h, �nd a formula for V in terms of S and

r only.

7. A solid 
ylinder of gold, height 14
m and base radius 8
m, is melted down
and 
ast as a solid 
ube. Cal
ulate, to the nearest millimetre, the length of an

edge of that 
ube.

8. If f(x) = x2 + 5x+ 2 and g(x) = (3x+ 2)(x2 + x+ 1), �nd the values of

x for whi
h f(x) > g(x).

9. What is the remainder when

10x75 − 8x65 + 6x45 + 4x32 − 2x15 + 5

is divided by x− 1?

10. Find the value of k su
h that x+ 2 is a fa
tor of

x3 − kx2 + 3x+ 7k.
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Problem Set 2 Inequalities

1. Find the least value of x su
h that

1− 4x ≤ −1

2
x− 1.

2. Solve the inequality

−4 ≤ 4− 2x

3
< 4.

3. Solve the double inequality

4x− 2 < x+ 8 < 9x+ 1.

4. Sket
h the region in the �rst quadrant satisfying the following inequalities,

labelling the interse
tion points of boundary lines by their 
o-ordinates:

x+ y ≥ 3, y < 6, x ≤ y + 5

4
.

5. Find all values of x for whi
h

x+ 3

x− 1
≥ −2.

6. Find all values of x su
h that

x− 1

1− 3x
> 7.

7. Find all values of x su
h that |2x+ 1| ≤ 5.

8. Given that |x − 2| ≤ 3 and |y + 2| < 1,what is the set of possible values
of x+ y?

9. Given that |x+ 2| ≤ 5 and | − 2y − 2| < 8, �nd the set of values of xy.

10. Shade the region in the 
artesian plane where holds the inequality

1

x
≤ 1

y
.
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Problem Set 3 Powers and Logarithms

1. Solve

2x
2+5x =

1

16
.

2. I deposit ¿4,000 in a bond that 
ompounds interest annually. After �ve

years my a

ount is worth £6, 740.23. What is the annual rate of interest?

3. A 
ompany bought 
omputing equipment for £10, 000 and sold it three

years later for half that amount. Cal
ulate the annual rate of depre
iation,

giving your answer 
orre
t to one de
imal pla
e.

4. Solve

1 + log2(log2 x) = 0.

5. Solve the equation:

(log2 x)
2 + log2 x

3 − 10 = 0.

6. Find all real values of x for whi
h

log3 x− 2 logx 3 = 1

.

7. Solve for x:

loga(4x)− 3 loga(x
2) = loga(128).

8. Solve

log3(log8 x) + 1 = 0.

9. Simplify the expression 92 log3 2
.

10. Find all six integer solutions to

(x2 − 5x+ 5)(x
2−11x+30) = 1.
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Problem Set 4 Equations

1. Find the equation of the line through (1, 2), perpendi
ular to the line

2x+ y + 1 = 0, giving your answer in slope-inter
ept form y = mx+ c.

2. Find all real values of x su
h that

|x|+ | − 2x| = 1.

3. Solve

3− x+
√
3− x = 0.

4. Solve √
2 + x+ x = 10.

5. For pre
isely whi
h real numbers a and b is it true that

√

a2 + b2 = a+ b?

6. Find the equation of the parabola y = ax2 + bx + c that passes through

the three points (1,−6), (−3, 30), (0,−3).

7. Find the equation of the line that forms the lo
us of all points equidistant

from (−1, 2) and (−5,−3).

8. Find the equation for the inverse of the fun
tion y = e1−x
.

9. Give two examples of non-identity fun
tions that equal their own inverses.

10. A bottle of whiskey lasts a man 12 days. When his friend visits him,

it lasts both of them 8 days. How long would su
h a bottle of whiskey last his

friend alone?
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Problem Set 5 Algebra II

1. Without solving the 
orresponding equation, �nd the sum of the three

roots of the polynomial

2x3 − 8x2 + 20x− 19.

2. Let α and β be the roots of the equation

x2 + 3x+ 4 = 0.

Without solving the equation, �nd the value of α3 + β3
.

3. The roots of the equation x2 + 2x+ 3 = 0 are α and β. Without solving

the equation, �nd a quadrati
 equation the roots of whi
h are 1− 1
α
, 1− 1

β
.

4. Fun
tion 
omposition satis�es the law f ◦ (g ◦h) = (f ◦ g) ◦h. Whi
h law

of algebra is this?

5. Find the equations of the asymptotes of the fun
tion:

y =
2x2 + x− 4

x− 1
.

6. Find all solutions to

2x4 + x2 = 6.

7. Fa
torize the foloowing polynomial into a produ
t of linear fa
tors:

x3 + 5x2 − 12.

8. Find where the following line meets the unit 
ir
le 
entred at the origin.

4x− y − 4 = 0.

9. Find the partial fra
tion de
omposition of

1

1 + x3
.

.

10. Express

√

3−
√
5 in the form

√
a−

√
b

c
for some integers a,b and c.
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Problem Set 6 Complex numbers

1. Carry out the division of 
omplex numbers

15 + 16i

2 + 3i
.

.

2. Find |z10|, where z = 1 + 7i.

3. Find the modulus of the 
omplex number

z =
−8 · 5 + 1 · 72i
−1 · 72− 8 · 5i .

.

4. Solve the equation

(7 + i)x− 3 = x+ 22− 2i.

5. Solve z2 = 3− 4i by using both 
artesian and polar 
o-ordinates.

6. Solve for 
omplex z the equation

|z| − z = 1− 2i.

7. Sket
h in the 
omplex plane the lo
us of a point P representing the


omplex number z, where |z − 1| = |z − 3i|.

8. Determine the region in the 
omplex plane de�ned by

Arg(2 + iz) ≤ π
4 .

9. Find all 
omplex z su
h that z3 = zz.

10. Given that

f(z) = (x2 − y2 − x) + (2xy − y + 1)i,

where z = x+ iy, express f(z) in terms of z only.
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Problem Set 7 Polar 
o-ordinates

1. Find the polar 
o-ordinates of the point P , the re
tangular 
o-ordinates

of whi
h are (−2, 2
√
3).

2. Sket
h the graph of the 
urve the polar equation of whi
h is

r = 1 + 2 cos θ.

3. Repeat Question 2 for the four-leaf rose:

r = 5 sin 2θ.

4. Sket
h the 
urve, the polar equation of whi
h is

r2 = 2a2 cos 2θ.

5. By �rst multiplying both sides by r2, �nd the equation of the lemnis
ate

of Question 4 in 
artesian form.

6. Find the equation of the 
ir
le with 
entre (1, 0) and radius 1 in both


artesian and polar forms.

7. Find the polar equation of the line with 
artesian equation y = 1 + 2x.

8. Find [2(cos 15◦ + i sin 15◦)]4.

9. Find the square root of −i that lies in the 4th quadrant, giving your

answer in 
artesian form.

10. Find the three 
ube roots of −8, giving your answer in 
artesian form.
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Problem Set 8 Equations II

1. The following problem dates ba
k to the 16th 
entury, if not earlier.

Twenty people pay twenty pen
e to visit the Lin
oln Fair. If ea
h man pays

threepen
e, ea
h woman tuppen
e, and ea
h 
hild a halfpenny, how many men,

how many women, and how many 
hildren went to the fair?

2. Three 
omrades A, B and C from the ECP (Extreme Centre Party) lea�et

their street ea
h month. When A and B do it together it takes 15 minutes,

when B and C work together it takes only 10 minutes while A and C require

12 minutes for the job. How long would it take if all three worked together?

3. A point (x, y) on a 
urve is 
alled rational if both x and y are rational

numbers. For example, the point (0, 1) on the graph of x3 − 3x2 + 3x+ 1 = y2

is a rational point. Find another rational point by lo
ating the interse
tion of

the 
urve with its own tangent at the point (0, 1).
4. This te
hnique for �nding one rational solution to an equation from a

given one is due to Diophantus whose life is extremely obs
ure�we only know

for 
ertain that he lived between AD 150 and AD 350. We do know however

how long he lived, for someone left behind this riddle.

Diophantus lived

1
6 of his life as a 
hild,

1
12 as a youth,

1
7 as a ba
helor, and

�ve years after his marriage a son was born who lived only half as long as did

his father and died four years before him. How long was the life of Diophantus?

5. Solve the simultaneous equations:

1

x
− 3

y
= 2,

2

x
+

1

y
= 3.

6. Find the value of x given that x+ 3y + 3z = 1 and 6x− 2y − 2z = 4.

7. Sam Loyd's River Boat Problem Two ferries set sail from opposite sides of

the river at 
onstant but di�erent speeds. They �rst pass one another 720 yards
from one bank. They rea
h their destinations whereupon passengers disembark

and new ones get on in a ten minute 
hangeover period. They then return to

their original berths and pass for a se
ond time 400 yards from the se
ond bank

while doing so. How wide is the river?

8. Continuing with Loyd's problem, what is the ratio of the speed of the

slower to the faster ferry?

9. A man is running for a bus at speed v. As he gets within d metres,

the bus begins to move away from him, a

elerating from rest with 
onstant

a

eleration a. What is the maximum value of d that allows him to 
at
h the

bus?

10. A ship is twi
e as old as its boiler was when the ship was as old as the

boiler is now. What is the ratio of the ship's age to that of its boiler?
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Problem Set 9 Sequen
es and series

1. The third term in an arithmeti
 sequen
e is 4 and the 
ommon di�eren
e

of the sequen
e is 3. Find the nth term of the sequen
e.

2. Find the sum of the �rst 2n terms of the sequen
e in Question 1.

3. Evaluate

2 + 1 +
1

2
+

1

4
+ · · ·+ 1

1024
,

giving your answer as a mixed number, that is an integer followed by a fra
tion

between 0 and 1.

4. Given that

∑∞
n=1 nx

n = x
(1−x)2 , for |x| < 1, evaluate:

∞
∑

n=1

n− 2

3n
.

5. An arithmeti
 progression has its mth term equal to n and its nth term

equal to m (for some spe
i�
 m < n). Find the value of its (m+ n)th term.

6. Find the sum Sn of the series r + r3 + r5 + · · · + r2n−1
and also �nd

limn→∞ Sn, where r = 1
2 .

7. Find 1 + 2 + · · ·+ n by summing the identity:

(m+ 1)2 −m2 = 2m+ 1;

from m = 1 to n.

8. Similarly �nd 12 + 22 + · · ·+ n2
using the identity:

(m+ 1)3 −m3 = 3m2 + 3m+ 1.

9. By 
onsidering a suitable binomial expression (a+ b)n, �nd the value of

the sum

n
∑

k=0

(−1)k
(

n

k

)

.

10. By using the partial fra
tion de
omposition of the summand, �nd:

∞
∑

n=1

1

n(n+ 1)
.
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Problem Set 10 Equations III

1. What temperature has the same value in both Celsius and Farenheit?

2. There are four bla
k 
ows and three brown 
ows. These give the same

amount of milk in �ve days as three bla
k 
ows and �ve brown 
ows in four

days. Whi
h are the better milk produ
ers, the bla
k or the brown 
ows?

3. (From the Chinese manus
ript: Nine Chapters on the Mathemat
ial Art,


f. 250BC) A good runner 
overs 100 pa
es in the time a poor runner 
overs

60 pa
es. The good runner sets o� in pursuit of the poor runner who has a 100

pa
es start. How many pa
es does it take for the strong runner to 
at
h the

slower one?

4. The �lm The Interview grossed $15 million in
ome on the weekend of

its release. The �lm 
ost $6 to rent, $15 to buy and two million 
opies were

distributed overall. How many 
opies were rented and how many 
opies were

bought?

5. Find all solutions to 0 = 1 + x+ x2 + x3
.

6. Find all solutions to 1 = x2 + x3 + x4 + · · ·.

7. An
ient Hindu Riddle Three travellers stopped at an inn for supper. The

innkeeper 
ould only o�er them baked potatoes. While the potatoes were baking

the travellers fell asleep. Soon one awoke to �nd a dish of baked potatoes. He

took one third of them and went ba
k to sleep. Then a se
ond traveller awoke,

took a third of the remaining potatoes, and again fell asleep. Finally the third

one awoke, and did the same as his two travelling 
ompanions. When the

innkeeper 
leared up, there were eight potatoes remaining. How many were

there initially?

Solution of the 
ubi
.

8. First �nd the value of t su
h that the substitution x = y + t transforms

the equation x3+ax2+bx+c = 0 into that of a depressed 
ubi
: y3+dy+e = 0
(a, b, c, d, e are 
onstants).

9. Now for the depressed 
ubi
 of Question 8, �nd the substitution y = v+ s
v

that transforms the equation to one of the form v3+ f
v3 +g = 0 and hen
e redu
e

the problem to that of a quadrati
 equation in z = v3.

10. Apply this te
hnique to �nd a real root of p(x) = x3 − 3x2 + 6x+ 8.
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Hints for Problems

Problem Set 1

1. Multiply top and bottom by the 
onjugate surd in order to rationalise

the denominator.

4. This is just a tri
ky way of asking you to maximize y = x− x2
.

5. You may need to look up the name of the Law involved but �rst de
ide

exa
tly what you are doing as you pass from one side of the equation to the

other.

8. Subtra
t f(x) from g(x) to get an expression that you want to keep

negative. Fa
torize it and then the solution should be 
lear.

9 & 10. Remember the Remainder and Fa
tor Theorems : a polynomial p(x)
leaves the remainder p(a) when divided by x− a and so x− a is a fa
tor of p(x)
i� p(a) = 0. Certainly don't do the divisions involved!

Problem Set 2

4. Easy enough but be 
areful to label the �gure properly, whi
h of 
ourse

requires you to �nd the 
o-ordinates where boundary lines meet. Boundary lines

that are not part of the region should appear hat
hed.

5 & 6. Best bring everything over to one side and put over a 
ommon denom-

inator. Try to avoid multiplying both sides by an expression of indeterminant

sign.

7, 8 & 9. Remember that |x− a| ≤ b 
an be expressed as −b ≤ x− a ≤ b.

Problem Set 3

1. Write it all in terms of powers of 2 and then equate exponents.

2 & 3. If the annual rate is x% then ea
h year your prin
ipal is multiplied

by the fa
tor

(

1 + x
100

)

.

Remember your log laws and for 5, 6 & 10 how to 
hange bases:

logb x = (loga x)(logb a).
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Problem Set 4

1. The produ
t of the gradients of perpendi
ular lines is −1.
2. Use |ab| = |a| · |b| to simplify.
3. Beware! Squaring 
an drag in extraneous roots.

7. Work algebrai
ally with the squares of the distan
es. Or think geometri-


ally.

10. Work in units of bottles/day.

Problem Set 5

1-3. Expanding (x− r1) · · · (x− rn) will give various sum of produ
ts of the

roots ri in terms of the 
oe�
ients of the polynomial.

5. There are two aymptotes: the oblique one is found by polynomial divison.

7. Apply the Rational root theorem to �nd an integer root, whi
h gives the

�rst linear fa
tor.

9. The irredu
ible quadrati
 fa
tor will require a fra
tion with numerator of

the form Ax+B.

10. Square both sides and equate rational and irrational parts.

Problem Set 6

1. Multiply top and bottom by the 
onjugate z = x− iy of the denominator

z = x+ iy.

2. The modulus of a power is the power of the modulus.

5. Cartesian or polar form will work, but there 
an only be two solutions.

6. Equate real and imaginary parts.

8. θ =Argz is in the range −π < θ ≤ π. Try to identify the boundary of the

set.

9. Use polar form.

10. Substitute x = 1
2 (z + z) and y = 1

2i (z − z).
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Problem Set 7

1. You want polar 
o-ordinates (r, θ), where r is the distan
e from O to P

and θ is the angle, in radians, measured anti-
lo
kwise from the positive x-axis

to the ray OP . (Draw a diagram.)

2. This is a graph in polar 
o-ordinates. Remember that 
osine is an even

fun
tion so this graph will be symmetri
 with respe
t to the polar (x-) axis.

This is 
urve is 
alled a lima
on, and manages to 
ross itself at the origin.

7. Write the tan of the polar angle in terms of x and 
onvert to full polars.

8. DeMoivre's Theorem says that (r(cos θ+ i sin θ))n = rn(cosnθ+ i sinnθ),
and then 
onvert ba
k to 
artesian form.

10. For roots, De Moivre's Theorem says that the nth roots of reiθ form the

set {r 1
n ei

θ

n , r
1
n ei(

θ+2π
n

), · · · , r 1
n ei(

θ+2kπ

n
), · · · , r 1

n ei(
θ+2(n−1)π

n
)}.

Problem Set 8

1. Write down two equations and remember that people 
ome in positive

integer numbers.

4. Summarise all the information in a single equation and solve it.

5. The obvious substitutions make the problem easy.

9. Quite easy to generate a quadrati
 equation but the answer to the question

is not its roots but lies in the nature of its dis
riminant.

10. Introdu
e symbols, name them pre
isely, then write down an equation.

Problem Set 9

An arithmeti
 progression with �rst term a and 
ommon di�eren
e d has

tn = a+(n− 1)d and

∑n

k=1 tk = na+ d
2n(n− 1). A geometri
 progression with

initial term a and 
ommon ratio r has tn = arn−1
and

∑n

k=1 tk = a 1−rn

1−r
; the

in�nite sum is

a
1−r

i� |r| < 1.
4. Can split it into two series, one of whi
h is geometri
 and the given

formula deals with the other. Alternatively, by re-indexing the sum and taking

out two terms separately, the formula su�
es.

6. Be 
areful in identify the initial term and the 
ommon ratio.
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Problem Set 10

1. You need the 
onversion formula F = 9
5C + 32.

2. Write all the information as a single equation and simplify.

4. Work in unit of millions and express as a pair of simultaneous equations.

5. Think geometri
 progression.

6. Sum the series but remember to be a solution that series must 
onverge.

7. As with Question 5.
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Answers to the Problems

Problem Set 1

1.

3
√
5+

√
7

38 . 2. a = −1, b = 3
2 , c =

13
4 . 3. a = 3, b = 4. 4. 1

2 . 5. Distributive

Law. 6.

r
2

(

S − 2πr2
)

= 1
2rS − πr3. 7. 141mm. 8. x < − 4

3 . 9. 15. 10. k = 14
3 .

Problem Set 2

1.

4
7 . 2.−4 < x < 8. 3. 7

8 < x < 10
3 . 5. (−∞,− 1

3 ]∪ (1,∞). 6. 1
3 < x < 4

11 .

7. −3 ≤ x ≤ 2. 8. −4 < x+ y < 4. 9. −21 < xy < 35.

Problem Set 3

1. {−1,−4}. 2. 11% . 3. 20 · 6% 4. {4, 1
32} . 5.

√
2 . 6. { 1

3 , 9} . 7.

1
2 5
√
a
. 8.

2 . 9. 16 . 10. {1, 2, 3, 4, 5, 6}.

Problem Set 4

1. y = 1
2x + 3

2 . 2. ± 1
3 . 3. 3. 4. 7. 5. At least one of a and b equals 0 and

a, b ≥ 0. 6. y = 2x2−5x−3. 7. y− 4
5x− 29

10 . 8. y = 1− lnx. 9. y = a−x, y = k
x
.

10. 24 days.

Problem Set 5

1. 4. 2. 9. 3. 3x2 − 8x + 6 = 0. 4. The Asso
iative law. 5. x = 1 and

y = 2x + 3. 6. x = ±
√
2i or x = ±

√
6
2 . 7. (x + 2)(x + 3+

√
33

2 )(x + 3−
√
33

2 ). 8.

(1, 0) or (1517 ,− 8
17 ). 9.

1
3(1+x) +

2−x
3(x2−x+1) . 10.

√
10−

√
2

2 .
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Problem Set 6

1. 6 − i. 2. 312, 5000, 000. 3. 1. 4. 4 − i. 5. ±(2 − i). 6.

3
2 + 2i. 7.

y = 1
3x+ 4

3 . 9. {0, 1,− 1
2 +

√
3
2 i, 1

2 −
√
3
2 i}.10. z2 − z + i .

Problem Set 7

1. (4, 2π3 ). 5. r4 = 2a2(x2 − y2). 6.r = 2 cos θ. 7. r(sin θ − 2 cos θ) = 1. 8.

8 + 8
√
3i. 9. ± 1√

2
(1− i). 10. 1 +

√
3,i− 2,−1 +

√
3i.

Problem Set 8

1. 14 
hildren, 5 women and 1 man. 2. 8 minutes. 3.

21
4 , 71

8

)

. 4. 84 years.

5.

(

7
11 ,−7

)

. 6.

7
10 . 7. 1 mile. 8. 9 : 13. 9. v2

2a . 10. 4 : 3.

Problem Set 9

1. 3n − 5. 2. 6n2 − 7n. 3. 3 1023
1024 . 4. − 1

4 . 5. 0. 6.

2
3 . 7.

1
2n(n + 1). 8.

n
6 (n+ 1)(2n+ 1). 9. 0. 10. 1.

Problem Set 10
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