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The purpose of modern abstra
t algebra is to study important aspe
ts of

algebra in their own right without binding it to parti
ular mathemati
al ideas

or appli
ations. This pursuit set mu
h of mathemati
s free as the underlying

stru
ture of the subje
t was revealed. To de
ide on whi
h aspe
ts are important,

standard examples are used as motivation and so in this module we will never

be far away from familiar obje
ts su
h as the integers or matri
es. However the

feel is de
idely pure mathemati
al with mu
h more emphasis on proof that on


al
ulations.

The �rst problem set re
ounts basi
 ideas of fun
tions and relations. Set

2 introdu
es algebras with a single operation, they being semigroups, monoids

and groups. The emphasis will be on group theory throughout. However Set

3 introdu
es algebras with two operations linked by distributivity, these being

rings and �elds. Set 4 introdu
es more fundamental ideas su
h as generating

sets and subalgebras as they apply to groups and rings.

In Set 5 we begin 
lassi
al group theory and here we meet Lagrange's theorem

based on 
ounting 
osets of subgroups. In Sets 5 and 6 we meet the idea of

normal subgroup and its relationship to homomorphisms and quotient groups.

In Set 7 we run through the three basi
 isomorphism theorems for groups and

the 1st isomorphism theorem as it applies to rings. Set 8 is about 
ommutativity

within groups and here we meet the Fundamental stru
ture theorems for abelian

groups and other asep
ts of group 
ommutativity in
luding 
entralizers, the


entre of a group, and the 
lass equation.

The �nal two problem sets investigate the Symmetri
 group and we work

through the proof of Cayley's theorem. Finally we meet the Alternating group

and the notion of even and odd permutations.
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Solutions and Comments for the Problems

Problem Set 1

1. Dire
tly from the de�nition we get R ◦ S = {(1, w), (1, x), (3, y), (4, y)}.
Comment We 
an, by imposing a total ordering on A and B, represent

relations as binary |A| × |B| matri
es with a 1 at (i, j) if the 
orresponding pair
is in R. The produ
t of the 
orresponding matri
es MRMS = MR◦S if we use

the addition 1 + 1 = 1. (An entry in the produ
t is n if there are n pairs of

the form (i, j) ∈ R and (j, k) ∈ S; we are however only interested if n ≥ 1 or if

n = 0.)
2. R is not re�exive as (0, 0) 6∈ R; R is symmetri
 as (a, b) ∈ R ⇒ ab >

0 ⇒ ba > 0 ⇒ (b, a) ∈ R; R is transitive as if (a, b), (b, c) ∈ R then ab > 0
and bc > 0 so that ab2c > 0, when
e ac > 0 (as b2 > 0), so that (b, c) ∈ R; R
is not anti-symmetri
 as, for example, (1, 2), (2, 1) ∈ R but 1 6= 2. Hen
e R is

not an equivalen
e relation, nor a partial order. Nor is R total as, for example,

(−1, 2), (2,−1) 6∈ R.
3. Sin
e a ∈ Z+

we have

a
a
= 1 ∈ Z so that a|a and R is re�exive; R is

anti-symmetri
 as if a|b and b|a then b = ak and a = lb for some k, l ∈ Z+
.

But then a = (lk)a so that lk = 1, whi
h implies that k = l = 1 and a = b; R
is not symmetri
 as, for example 2|4 but 4 is not a fa
tor of 2; R is transitive

for suppose that a|b so that b = ka say and b|c so that c = lb say for some

k, l ∈ Z+
. Then c = (kl)a and sin
e kl ∈ Z+

it follows that a|c. Overall, R
is not an equivalen
e relation (not symmetri
) but is a partial order but not a

total order as, for example, neither (2, 3) not (3, 2) are members of R.
4. ≡ is and equivalen
e relation; re�exivity:

a−a
n

= 0 ∈ Z so that a ≡ a

(mod n); symmetry: suppose that a ≡ b (mod n) so that

b−a
n

= k ∈ Z, then
a−b
n

= −k ∈ Z so that b ≡ a (mod n); transitivity: suppose that a ≡ b (mod n)

and b ≡ c (mod n) so that

b−a
n

= k and

c−b
n

= l say. Then

c− a

n
=

(c− b) + (b − a)

n
=

c− b

n
+

b− a

n
= l + k ∈ Z,

so that a ≡ c (mod n). However, ≡ is not anti-symmetri
 as, for example (0, n)
and (n, 0) are both in R but 0 6= n. Also R is not total for n ≥ 2 as, for example,

(0, 1), (1, 0) 6∈ R but 0 6= 1.
5. We just need to show that R is re�exive. To this end let a ∈ A. By

hypothesis there exist b ∈ A su
h that (a, b) ∈ R. By symmetry we have

(b, a) ∈ R. Now we have (a, b), (b, a) ∈ R so by transitivity, (a, a) ∈ R, as
required.

Comment Note that the example of Question 2 is a relation that is both

symmetri
 and transitive but not (quite) re�exive.

6. Suppose that R is both symmetri
 and anti-symmetri
 and let (a, b) ∈ R.
Then by symmetry we have (b, a) ∈ R, when
e by anti-symmetry we get that
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a = b and so R ⊆ ι. Conversely if R ⊆ ι then R only 
ontains pairs of the form

(a, a) in whi
h 
ase R is 
learly both symmetri
 and anti-symmetri
.

7. ∼ is re�exive as (a, b) ∼ (a, b) is to say that a+ b = b + a, whi
h is true.

Now suppose that (a, b) ∼ (c, d) so that a + d = b + c ⇒ c + b = a + d, whi
h
is to say that (c, d) ∼ (a, b). Finally for transitivity suppose that (a, b) ∼ (c, d)
and (c, d) ∼ (e, f) so that a+ d = b + c and c+ f = d + e. Then adding these

two equations gives:

a+ d+ c+ f = b+ c+ d+ e ⇒ a+ f = b+ e

⇒ (a, b) ∼ (e, f),

and so ∼ is an equivalen
e relation on the set A = {1, 2, · · · , 9}.
[(2, 5)] = {(a, b) ∈ A×A : (a, b) ∼ (2, 5)}

⇒ a+ 5 = b+ 2 ⇒ b = a+ 3,

hen
e

[(2, 5)] = {(1, 4), (2, 5), (3, 6), (4, 7), (5, 8), (6, 9)}.
8. Suppose that f : A → B and g : B → C are inje
tive fun
tion and


onsider the fun
tion g ◦ f : A → C. Suppose that for some x, y ∈ A we have

(g ◦ f)(x) = (g ◦ f)(x) so that

g(f(x)) = g(f(y)) ⇒ f(x) = f(y)

as g is inje
tive, and then sin
e f is inje
tive we 
on
lude that x = y. This

shows that the 
omposite g ◦ f is also inje
tive.

9. Suppose now that f and g are both surje
tive. Let c ∈ C. Sin
e g is

surje
tive, there exists b ∈ B su
h that g(b) = c. Sin
e f is surje
tive, there

exists a ∈ A su
h that f(a) = b. Then we have

(g ◦ f)(a) = g(f(a)) = g(b) = c,

and sin
e c ∈ C was arbitrary, it follows that g ◦ f is also surje
tive.

The results of Questions 7 and 8 together tell us that if both f and g are

inje
tive and surje
tive, then so is g ◦ f , whi
h is to say that g ◦ f is a bije
tion

from A onto C.
10. For any b ∈ranf we have

(b, a) ∈ f ◦ f−1 ⇔ ∃c ∈ A : (c, a) ∈ f ∧ (b, c) ∈ f−1

⇔ ((c, a) ∈ f) ∧ ((c, b) ∈ f)

⇔ (f(c) = a) ∧ (f(c) = b)

⇒ a = b as f is a fun
tion;

hen
e f ◦f−1
is the identity fun
tion on ranf . On the other hand for any a ∈ A

we have

(a, b) ∈ f−1 ◦ f ⇔ (∃c ∈ B : (a, c) ∈ f) ∧ ((c, b) ∈ f−1)
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⇔ ((a, c) ∈ f) ∧ ((b, c) ∈ f)

⇔ f(a) = f(b) = c;

hen
e we have the relation, kerf by whi
h (a, b) ∈kerf if and only if f(a) = f(b).
It follows by the de�nition of equality that kerf is re�exive, symmetri
, and

transitive and therefore kerf de�nes an equivalen
e relation on A in whi
h two

elements of A are in the same 
lass of the 
orresponding partition if they have

the same image under f . Note that kerf is itself the equality relation if and

only if f is one-to-one.

Comment The equivalen
e relation ∼ is 
alled the kernel of the fun
tion f
so that (a, b) ∈ kerf if and only if f(a) = f(b).

Problem Set 2

1. If α, β ∈ TX then αβ : X → X also so TX is 
losed under fun
tion


omposition, so that ◦ is indeed a binary operation on TX . What is more it

follows from the de�nition of fun
tion 
omposition that ◦ is asso
iative for if

α, β, γ ∈ TX we �nd (supressing the ◦ symbol) that for all x ∈ X

x((αβ)γ) = (x(αβ))γ = ((xα)β)γ

(xα)(βγ) = x(α(βγ))

⇒ (αβ)γ = α(βγ)

so that ◦ is asso
iative and (TX , ◦) is a semigroup. Moreover the identity map-

ping ε : X → X where xε = x is the identity of TX as x(αε) = x(εα) = xα for

all x ∈ X so that TX is a monoid with identity element ε.
2. Let M be a monoid with e and f identity elements of M . Then sin
e f

is an identity we have ef = e but sin
e e is an identity we also have ef = f so

that e = ef = f and therefore e = f and therefore the identity element of a

monoid is unique.

Comment It is worth noting that this argument shows that if a semigroup

S has a left identity element e and a right identity element f then e = f and

S is a monoid. A similar argument shows that if S has a left zero element e
meaning that ea = e for all a ∈ S, and also a right zero element f then e = f
is the unique zero element of S.

A semigroup 
an however have any number of left identity elements and

right zero elements: let S be a set and de�ne a multipli
ation by ab = b for all
a, b ∈ S. Then every element of S is a left identity element and a right zero

element. We 
all S a right zero semigroup.

3. By de�nition, if S is a monoid then S1 = S is the same monoid. Other-

wise, again by de�nition 1a = a1 = a for all a ∈ S1
so that 1 a
ts as identity

element of S1. It does remain to 
he
k that S1
is still asso
iative: typi
al 
ases

1(ab) = ab = (1a)b, a(1b) = ab = (a1)b et
.
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Comment In the same way we may adjoin a zero element 0 to a semigroup

S that does not otherwise have a zero and the resulting semigroup S0
is a

semigroup with 0 with S embedded in S0
.

4. For any three strings x1 · · ·xn, y1 · · · ym, and z1 · · · zk (xi, yj , zt ∈ A, 0 ≤
n,m, k) we have

((x1 · · ·xn)(y1 · · · ym))z1 · · · zk = (x1 · · ·xny1 · · · ym)(z1 · · · zk)

= x1 · · ·xny1 · · · ymz1 · · · zk = (x1 · · ·xn)(y1 · · · ymz1 · · · zk)
= ((x1 · · ·xn)((y1 · · · ym)(z1 · · · zk)),

as required to show asso
iativity of string 
on
atenation. For any string x =
x1 · · ·xn and the empty string 1 = (·) we have

1x = x = x1

so that the identity 1 in this 
ase is the same as the empty string in that both

a
t the same way on FX . Hen
e F 1
X is indeed a monoid.

Comment FX , whi
h is the same as F 1
X without in
lusion of the empty string,

is known as the free semigroup on X . The term free has a spe
�
 meaning

in algebra - in parti
ular any semigroup is the homomorphi
 image of a free

semigroup.

5. Sin
e the 
omposition of two bije
tions is a bije
tion (Question 9, Set 1)

it follows that when the domain and range are both equal, we 
on
lude that

the 
omposition of two permutations of X is another permutation of X . (Quite

generally, a non-empty subset U of a semigroup S will be a subsemigroup of

S if U is 
losed under the semigroup operation as the property of asso
iativity

will be inherited from S). Moreover, sin
e the identity mapping ε is itself a

permutation, it follows that SX is a monoid. Finally, for any α ∈ SX the

inverse relation α−1
is an inverse fun
tion: the domain ofα−1

is X as α is

surje
tive and α−1
is a fun
tion (and not just a relation) as α is one-to-one.

Finally (α−1)−1 = α so that it follows that α−1
is also a permutation of X .

Sin
e αα−1 = α−1α = ε we 
on
lude that SX is indeed a group with identity

element ε.
6. Take any trio (s1, s2), (t1, t2), (u1, u2) ∈ S1 × S2. Then

((s1, s2)(t1, t2))(u1, u2) = (s1t1, s2t2)(u1, u2)

= (s1t1, s2t2)(u1, u2) = ((s1t1)u1, (s2t2)u2)

when
e by asso
iativity in ea
h 
omponent we may re-bra
ket and 
ontinue as

follows:

= (s1(t1u1), s2(t2u2)) = (s1, s2)(t1u1, t2u2)

= ((s1, s2)((t1, t2)(u1, u2))

as required to demonstrate asso
iativity in S1 × S2. Next let e1, e2 be the

respe
tive identity elements of S1 and S2 and let (s1, s2) ∈ S1 × S2. Then

(e1, e2)(s1, s2) = (e1s1, e2s2) = (s1, s2)
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= (s1e1, s2e2) = (s1, s2)(e1, e2),

showing that S1 × S2 is a monoid with identity element (e1, e2).
Finally let us suppose that both S1and S2 are groups. Then by above S1×S2

is a monoid with identity (e1, e2). Let (a, b) ∈ S1 × S2 and let a−1
and b−1

be

the respe
tive inverses of a and of b in S1 and S2. Then

(a, b)(a−1, b−1) = (aa−1, bb−1) = (e1, e2)

and in the same way, (a−1, b−1)(a, b) = (e1, e2) also, and so it follows that

S1 × S2 is itself a group.

Comment We should be aware that the multipli
ation operations in the �rst

and se
ond 
omponents of the dire
t produ
t are that of S1 and S2 and so

are otherwise unrelated: for example S1 may be a semigroup of matri
es under

multipli
ation while S2 
ould be a semigroup of fun
tions under 
omposition.

7 (i) We shall denote the addition operation in (Zn,+) by
⊕

in this question

to distinguish it from ordinary addition (this symbol is often used in texts for this

purpose). The set Nn is 
losed under the operation

⊕

but we need to 
he
k that

this binary operation is asso
iative. To this end let a, b, c ∈ Nn = {0, 1, · · · , n}.
Now

a
⊕

(b
⊕

c) = a
⊕

(b+ c(mod n))=a+ (b + c (mod n)) (modn) (1)

(a
⊕

b)
⊕

c = (a+ bmodn)
⊕

c = ((a+ bmodn) + c) (mod n) (2)

Quite generally, x
⊕

y (x, y ∈ Nn) is equal to either x + y or to x + y − n. It

follows that ea
h of (1) and (2) is equal to one of a + b + c, a + b + c − n, a +
b+ c− 2n. However, sin
e (1) and (2) also lie in Nn and only one of these three

numbers lies in Nn, it follows that (1) and (2) agree and so that the operation

⊕

is asso
iative. Clearly 0 is the identity element so that (Zn,
⊕

) is a monoid

(indeed, 
learly a 
ommutative monoid also). Moreover for ea
h a ∈ Nnwe have

n − a ∈ Nn and a
⊕

(n − a) = 0 as a + (n − a) = n ≡ 0 (mod n) and so ea
h

member of Nn has an inverse with respe
t to 0. Therefore (Z,
⊕

) is a group,

and indeed is an abelian (i.e. a 
ommutative) group.

(ii) Let a, b ∈ G. Then a2b2 = e2 = e, and bearing in mind that every

member of G is equal to its own inverse we obtain

a−1a2b2b−1 = a−1eb−1 = a−1b−1 = (ba)−1 = ba

⇒ ab = ba ∀a, b ∈ G,

whi
h is to say that G is abelian.

8. Taking matrix multipli
ation as asso
iative (veri�ed in linear algebra

texts) it is 
lear that S is a semigroup and indeed a monoid as I, the 2 × 2
identity matrix, is the identity of S. However, S is not a group as, for example

the zero matrix Z is in S but there is no solution A to AZ = I. (Indeed no

member of S with zero determinant 
an be inverted in this way.) On the other

hand, sin
e for any square matri
es A and B we have |AB| = |A| · |B| it follows
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that the subset T of S of all matri
es with determinant equal to 1 is 
losed under
matrix produ
t and so forms a subsemigroup and indeed a submonoid of S.What

is more, for any su
h A, the matrix A−1
exists and |A−1| = |A|−1 = 1−1 = 1

and so A−1 ∈ T . Hen
e T is a subsemigroup of S that is a subgroup, meaning

that T is a group under the same operation (matrix multipli
ation).

Comment For a monoid M with identity element e we say that a subsemi-

group N of M is a submonoid of M if e ∈ N . That is to say a subsemigroup of

M that is a monoid with a di�erent identity is a monoid but not a submonoid

of M . For example, an idempotent f ∈ M forms a subsemigroup {f}, whi
h is

not a submonoid of M if f 6= e.
9. Let a, b ∈ H . If H ≤ G (meaning thatH is a subgroup of G) then

b−1 ∈ H , as H is 
losed under the taking of inverses, when
e ab−1 ∈ H as H is


losed under produ
t. Conversely, suppose that H satis�es the given 
ondition.

Sin
e H 6= ∅ we may take a ∈ H . By putting b = a in the given 
ondition we get

that aa−1 = e, the identity of G, belongs to H . Put a = e in the 
ondition and

take any member b ∈ H . Then eb−1 = b−1 ∈ H so that H is 
losed under the

taking of inverses. Finally let a, b ∈ H . By what we have just proved, b−1 ∈ H ,

and so by the given 
ondition so is a(b−1)−1 = ab ∈ H . Therefore H is 
losed

under the group operation, (whi
h we already know is asso
iative), e ∈ H , so H
has the identity element and is 
losed under the taking of inverses. Therefore

H is a group in its own right under the same group operation as G, whi
h is to

say that H ≤ G.
10. Take any a ∈ S. From aS = S it follows that there exist x ∈ S su
h

that ax = a. Now let b ∈ S. From Sb = S it follows that there exist y ∈ S su
h

that ya = b. But they bx = y(ax) = ya = b so that x is a right identity element

for the semigroup S. By the symmetri
 argument, there exist a left identity

element z ∈ S. But then z = zx = x, with the �rst equality be
ause x is a right

identity and the se
ond as z is a left identity element. Hen
e z = x and x is the

unique identity element of S whi
h is therefore a monoid. Now for any a ∈ S
there exist a1, a2 ∈ S su
h that a1a = x = aa2. But then

a1 = a1x = a1aa2 = xa2 = a2

and so a1 = a2 is the (unique) inverse of a with respe
t to the identity element

x. In parti
ular, S is a group.

Moreover we observe that in these 
ir
umstan
es the solutions to the equa-

tions xa = b and ay = b are unique, they being x = ba−1
and y = a−1b as

xa = b ⇒ (xa)a−1 = ba−1 ⇒ x(aa−1) = ba−1

⇒ xe = ba−1 ⇒ x = ba−1

and 
onversely (ba−1)a = b(a−1a) = be = b, verifying that x = ba−1
does solve

xa = b. A similar argument applies to the equation ay = b.
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Problem Set 3

1. The set R is 
ertainly 
losed under addition and it is trivial to 
he
k that

matrix addition is asso
iative and 
ommutative. Moreover the zero matrix Z
a
ts as the identity element under addition and for ea
h A ∈ R, −A also belongs

to R and A + (−A) = Z. Hen
e R is an abelian group under matrix addition.

Next, the produ
t of two n × n matri
es, M and N is another n × n matrix

and sin
e matrix multipli
ation is asso
iative, it follows that R is a semigroup.

Moreover the presen
e of the n × n identity matrix In assures us that R is a

unital ring.

In general matrix multipli
ation is not 
ommutative. For example let Mi,j

denote the n × n matrix with a 1 at position (i, j) and zeros elsewhere. Then

M1nMn,1 = M1,1 but Mn,1M1,n = Mn,n and for n ≥ 2 these produ
ts are

di�erent. Finally, the distributive law of addition over multipli
ation follows

from that for the real numbers, and so R is a non-
ommutative ring.

2. Let R1 now denote the set of all non-singular n × n matri
es over R.

It is true that for A,B ∈ R we have |AB| = |A| · |B| and sin
e both |A| and
|B| are non-zero, so is |AB|. Hen
e R1 is 
losed under matrix multipli
ation.

But not addition, for if A ∈ R1 then so is −A (as | − A| = (−1)n|A| 6= 0) but
A+ (−A) = Z, the zero matrix and Z 6∈ R1 as |Z| = 0.

3. The axioms of a 
ommutative unital ring are more or less taken from the

integers under addition and multipli
ation. The multipli
ative identity is 1 and
of 
ourse the produ
t of non-zero integers is not zero. However (Z,+, ·) is not
a �eld as no integers, apart from ±1, have a multipli
ative inverse.

Comment Of 
ourse the integers 
an be embedded in a �eld, the smallest

one being the �eld (Q,+, ·) of all rational numbers. Indeed any integral domain


an be embedded in its �eld of fra
tions in a similar way.

4. (i) We have

r0 = r(0 + 0) = r0 + r0,

and so subtra
ting r0 from both sides (in the abelian group (R,+) we get 0 = r0,
as required.

(ii) (−r)s + rs = (−r + r)s = 0s = 0 (by (i)). Hen
e, by uniqueness of

inverses in a group (see Question 10 Set 2), it follows that (−r)s = −(rs).
Similarly r(−s) + rs = r(−s+ s) = r0 = 0 so that r(−s) = −(rs).

(iii) Using (ii) we have

(−r)(−s) + (−(rs)) = (−r)(−s) + (−r)s = (−r)(−s+ s) = (−r)0 = 0;

hen
e, again by uniqueness of inverses it follows that (−r)(−s) == −(−(rs)) =
rs.

5. Let R be an integral domain and suppose that ab = ac with a 6= 0. then
ab− ac = a(b− c) = 0. Sin
e R is an integral domain and a 6= 0 it follows that

b− c = 0 so that b = c and R is indeed 
an
ellative.

Conversely, suppose that R is a 
an
ellative unital 
ommutative ring and

that ab = 0. Then by Question 4(i) we have ab = a0. Hen
e either a = 0 or, if
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not, we may 
an
el a to re
over b = 0. In either 
ase we see therefore that R
has no zero divisors and so is an integral domain.

6. Any �eld must 
ontain the elements 0 and 1. It 
an in fa
t be shown

that, up to isomorphism, there is a unique �eld of order pn where p is prime

and n ≥ 1 and there are no other �nite �elds. (By 
onvention, 0 6= 1; of 
ourse
if we put 0 = 1 the �eld 
ollapses to the one element group as both operations

be
ome identi
al.) Ea
h su
h �eld F has 
hara
teristi
 p, whi
h means that for

any x ∈ F , px = x + x + · · · + x (p times) = 0. It follows that a four-element

�eld has 
hara
teristi
 2 and we have x + x = 0. Let a be another element.

Then 1+a = 0 would give that 0 = 1+1 = 1+a so that a = 1; if 1+a = 1 then
a = 0 and if 1 + a = a then 1 = 0; sin
e none of these possibillities is allowed
as a was 
hosen distin
t from 0 and 1 it follows that the four distin
t elements

of our �eld F are {0, 1, a, 1 + a}. There is now only one way to 
omplete the

addition and the multipli
ation tables for F :

+ 0 1 a 1 + a

0 0 1 a 1 + a
1 1 0 1 + a a
a a 1 + a 0 1

1 + a 1 + a a 1 0

× 0 1 a 1 + a

0 0 0 0 0
1 0 1 a 1 + a
a 0 a 1 + a 1

1 + a 0 1 + a 1 a

In the 
ase of multipli
ation, 
onsider the value of a2. If a2 = 0 we get a = 0
(integral domain rule); if a2 = 1 then a(1 + a) = a+ a2 = 1 + a and 
an
elling

in the group F \ {0} would give a = 1; if a2 = a this gives a = 1 also, and so

a2 = 1 + a is the only possiblility. Then a(1 + a) = a + a2 = a + (1 + a) = 1
as a+ a = 0. Therefore the tables are the only ones possible for a �nite �eld of

order 4 (up to the naming of elements).

This still does not prove that the tables de�ne a �nite �eld as we need to

verify all the �eld axioms. In parti
ular we must 
he
k that the operations are

both asso
iative (although 
ommutativity of both operations is 
lear). However

the addition table is just that of Z2×Z2: this group is sometimes known as the

Klein 4-group: it 
onsists of an identity element 0 and the sum of any two of

the other elements equals the third. As for multipli
ation, {1, a, 1+a} is a three
member 
y
li
 group (a 
opy of Z3) generated by a (and also generated by 1+a),
and all produ
ts involving 0 are equal to 0, so this table is also asso
iative.

Comment It 
an be show than in the �nite �eld of order pn the multipli
ative

group is 
y
li
 (with pn − 1 elements).

Distributivity also needs to be 
he
ked: x(y + z) = xy + xz. This is 
lear

if x = 0 or x = 1. We just 
he
k one other representative example here with

x = 1 + a, y = 1 + a, z = 1

x(y + z) = (1 + a)((1 + a) + 1) = (1 + a)a = a+ a2 = a+ 1 + a = 1;

xy + xz = (1 + a)(1 + a) + (1 + a)1 = a+ 1 + a = 1,

9



so both sides mat
h, and the other 
ases are similar.

7. Taking the 
orresponding properties for real numbers for granted, it is

plain that R[x] is an abelian group under polynomial addition: the additive in-

verse of p(x) must being −p(x) and similary R[x] under multipli
ation is a 
om-

mutative monoid, with identity the 
onstant polynomial 1. Again distributivity

is a 
onsequen
e of distibutivity of real numbers so that R[x] is a 
ommutative

unital ring.

We do need to 
he
k for zero divisors, so let p(x), q(x) ∈ R[x] \ {0} with

respe
tive leading terms anx
n
and bmxm

with an, bm 6= 0 and m,n ≥ 0. Then
the leading term of p(x)q(x) is anbmxn+m

and sin
e R has no zero divisors it

follows that anbm 6= 0 and so p(x)q(x) 6= 0. Hen
e R[x] is an integral domain.

But R[x] is not a �eld as, for example if we take p(x) = x then for any q(x)
we have the degree of xq(x) is either at least 1 or, if q(x) = 0 so is xq(x). In

any event, xq(x) 6= 1 so that x has no multipli
ative inverse.

8. If n is 
omposite so that n = ab say with 2 ≤ a, b < n then in Znwe

have a, b 6= 0 but ab = n ≡ 0 (mod n) so that Zn is not an integral domain if n
is 
omposite. However for prime n no su
h fa
torization is possible and so we


on
lude that Zn is an integral domain if and only if n is prime. (In whi
h 
ase

Zn is a �eld, as follows from the next question.

9. Let F be a �eld and suppose that a, b ∈ F with ab = 0. Then either

a = 0 or, if not we get a−1(ab) = a−10 so that (a−1a)b = 0 and 1b = b = 0.
This shows that any �eld is an integral domain.

Conversely we know that not every integral domain is a �eld (eg. (Z,+, ·)
but suppose that R is a �nite integral domain and let a ∈ R \ {0}. Then the

rule x 7→ ax de�nes a mapping from R\ {0} to itself as the produ
t on the right


annot be zero. Moreover, this mapping is one-to-one for suppose that ax = ay
for some x, y ∈ R \ {0}. Then we may 
an
el to obtain x = y showing that

multipl
ation by a does indeed de�ne an injetive mapping. Finally, sin
e R is

�nite, it follows that our mapping is also surje
tive. In parti
ular there exists

x ∈ R \ {0} su
h that ax = 1, showing that ea
h member a ∈ R \ {0} does

have a multipli
ative inverse with respe
t to the multipl
ative identity element.

Therefore every �nite integral domain is a (�nite) �eld.

10. We 
he
k that R is 
losed under addition and multipli
ation:

(a+ b
√
2) + (c+ d

√
2) = ((a+ c) + (b+ d)

√
2 ∈ R as a+ c, b+ d ∈ Z

(a+ b
√
2)(c+ d

√
2) = (ac+ 2bd) + (ad+ bc)

√
2 ∈ R as ac+ 2bd, ad+ bc ∈ Z.

The laws of 
ommutativity, asso
iativity, and distributivity are inherited from

the larger ring of all real numbers. What is more, (R,+) is 
learly an abelian

group as 0 ∈ R and for r = a + b
√
2 we have that −r = −a − b

√
2 ∈ R as

−a,−b ∈ Z. As for multipli
ation, the identity element 1 ∈ R as is seen by

putting a = 1, b = 0, so that R is a 
ommutative unital ring. It remains to


he
k for zero divisors but that follows at on
e as the property is inherited from

the real numbers.
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Problem Set 4

1. Let us suppose that ab = ac hold in the group G with identity element e.
Then

a−1(ab) = a−1(ac)

⇒ (a−1a)b = (a−1a)c ⇒ eb = ec

∴ b = c

and so G is left 
an
ellative. Similarly given that ba = ca, multiplying on the

right by a−1
yields b = c. Therefore any group G is 
an
ellative.

Consider the semigroup (the two-element semilatti
e) L = {0, 1} under mul-
tipli
ation. This is 
ommutative but not 
an
ellative as 0 · 1 = 0 · 0 but we


annot 
an
el the 0 to 
on
lude that 0 = 1. For a semigroup that is left but

not right 
an
ellative let E be the right zero semigroup on the non-empty set

E, the operation being de�ned by ef = f for all e, f ∈ E. This is easily seen to

be a semigroup but as long as |E| ≥ 2 , then E is not right 
an
ellative for if we

take e, f ∈ E with e 6= f then ef = ff = f but we 
annot 
an
el the 
ommon

fa
tor of f on the right and 
on
lude that e = f . However E is left 
an
ellative

as if ef = eg then by de�nition of the produ
t in E we have f = g immediately.

Comment S = (Z+,+), the positive integers under addition is an example of

a 
an
ellative semigroup that is not a group. However, S is 
learly embeddable

in the the group of all integers under addition. In general it 
an be shown that

any 
ommuative 
an
ellative semigroup is embeddable in an abelian group but

it is not true that every 
an
ellative semigroup is group embeddable. However

any �nite 
an
ellative semigroup is a group as is shown in the next question.

Let L and R be respe
tively a left zero semigroup and a right zero semigroup,

ea
h with at least 2 members. Then the semigroup L×R is neither left nor right


an
ellative. By symmetry it is enough to show the failure of left 
an
ellativity

so to this end take e, f ∈ L with e 6= f and let t ∈ R. Then (e, t)(e, t) =
(e2, t2) = (e, t) while (e, t)(f, t) = (ef, t2) = (e, t). Hen
e we have

(e, t)(e, t) = (e, t)(f, t)

but if we 
an
el on the left here we get the statement (e, t) = (f, t), whi
h is

false as e 6= f .
Comment A semigroup S in whi
h all members are idempotents (i.e. satisfy

x = x2
) is known as a band. (Note that the identity element of a group is its

only idempotent.) The example L × R given here is known as a re
tangular

band. It 
an be shown that a semigroup S has the form L×R above if and only

if for any members x, y ∈ S it is always the 
ase that x = xyx.
2. Certainly any group is 
an
ellative by Question 1 but it remains to show

that a �nite 
an
ellative semigroup S is a group. We argue as in Question 9

Set 3 and take any a ∈ S and 
onsider the mapping on S in whi
h x 7→ ax.
By left 
an
ellativity it follows that this mapping is one-to-one, whi
h is to say

11



that aS = S. By right 
an
ellativity we similarly get that Sa = S. The result
now follows by Set 2 Question 10.

3.

× 1 −1 i j k −i −j −k

1 1 −1 i j k −i −j −k
−1 −1 1 −i −j −k i j k
i i −i −1 k −j 1 −k j
j j −j −k −1 i k 1 −i
k k −k j −i −1 −j i 1
−i −i i 1 −k j −1 k −j
−j −j j k 1 −i −k −1 i
−k −k k −j i 1 j −i −1

Now ijk = −1 gives ijk2 = −k so that −ij = −k and so ij = k; similarly

we have i2jk = −i so that −jk = −i so that jk = i. And also

(ijk = −1) ⇒ (i2jki = −i2 = 1) ⇒ (−jki = 1) ⇒ (−j2ki = j) ⇒ (ki = j).

Next we note that ji = j(jk) = j2k = −k and similarly we get the other two

revesed produ
ts kj = −i and ik = −j. This is enough to 
omplete all entries

of the group table as above.

The 
entre of Q is the subgroup of {1,−1}.
Comment Observe that 
an
ellativity in groups ensures that a group table

(or Cayley table as it is often 
alled) as above has the Latin square property that

ea
h member of the group appears exa
tly on
e in ea
h row and ea
h 
olumn of

the table. The Quaternion number system 
onsists of all expressions of the form

a+ bi+ cj + dk (a, b, c, d ∈ R) and was introdu
ed by the Irish mathemati
ian

William Rowan Hamilton as a 4-dimensional analogue to the 
omplex numbers

a+bi. However quaternions are not multipli
atively 
ommutative as, for instan
e

ij = −ji. There is no 3-dimensional analogue of the 
omplex numbers that

satis�es the main laws of algebra. Quaternions are often used in des
ribing

motion in 3-dimensional spa
e.

4. Let 〈A〉 = ∩Si where the interse
tion is taken over all subsemigroups of

S that 
ontain A. Sin
e S is a member of this interse
tion, the 
olle
tion of

the Si is not the empty 
olle
tion. Moreover, sin
e ea
h of the Si 
ontains the

non-empty set A, it follows that A ⊆ 〈A〉. Sin
e 〈A〉 is, by de�nition, 
ontained

in every susbsemigroup of S that 
ontains A, it follows that to show that 〈A〉
is the smallest subsemigroup of S that 
ontains A it remains only to 
he
k that

〈A〉 is a subsemigroup of S. To do that we need only 
he
k that 〈A〉 is 
losed
under produ
t so let a, b ∈ 〈A〉. Let Sj be any one of the sets in our interse
tion.

Then sin
e a, b ∈ ∩Si, it follows that ab ∈ Sj for all j and so ab ∈ ∩Si = 〈A〉.
Therefore 〈A〉 is the smallest subsemigroup of S that 
ontains A; we 
all 〈A〉
the subsemigroup generated by A.

For any a1, a2, · · · , an ∈ A it follows by a simple indu
tion on n that the

produ
t a1a2 · · · an is a member of any subsemigroup of S that 
ontains A; in

12



parti
ular a1a2 · · · an ∈ 〈A〉. Sin
e 〈A〉 is the smallest subsemigroup of S that


ontains A it follows that in order to show that the set P of these produ
ts is

equal to 〈A〉, it is enough to show P is a semigroup that 
ontains A. However
ea
h a1 ∈ A is a member of P , as here we are in the n = 1 
ase. Moreover

for two members of P , a = a1a2 · · · an and b = b1b2 · · · bm say, then ab =
a1a2 · · · anb1b2 · · · bm ∈ P as P is the set of all su
h produ
ts.

5. Let 〈A〉 = ∩Gi where the interse
tion is taken over all subgroups of G
that 
ontain A. Sin
e the identity element e ∈ G is a member of ea
h Gi, it
follows that the interse
tion 
ontains A ∪ {e} and is therefore not empty.

Comment The interse
tion of two subsemigroups of a semigroup S may be

empty: for example any two non-empty disjoint subsets of a right zero semigroup

S are ea
h subsemigroups of S.
Sin
e 〈A〉 is, by de�nition, 
ontained in every subgroup of G that 
ontains

A, it follows that to show that 〈A〉 is the smallest subgroup of G that 
ontains

A it remains only to 
he
k that 〈A〉 is a subgroup of G. As in the semigroup


ase, 〈A〉 is 
losed under produ
t. In the same way, sin
e ea
h Gi is 
losd under

the taking of inverses, so is their interse
tion 〈A〉, and so 〈A〉 is the smallest

subsgroup of G that 
ontains A; we 
all 〈A〉 the subgroup generated by A.
Next let a1, · · · , an ∈ A ∪ A−1 (n ≥ 0). Sin
e 〈A〉 is a group it follows that

the produ
t p = a1 · · ·an ∈ 〈A〉. (If n = 0, then p is the empty produ
t, taken

to be the identity element e and, as we have already noted, e ∈ 〈A〉.) Hen
e this
set of produ
ts P is a subset of 〈A〉. To show the reverse in
lusion we only need


he
k that P is a subgoup of G and that A ⊆ P . As in the semigroup 
ase, it is


lear that A ⊆ P and that P is a subsemigroup of G. Finally, P is 
losed under

the taking of inverses for if p = a1 · · · an ∈ P then

p−1 = (a1 · · · an)−1 = a−1
n · · · a−1

1

and sin
e ea
h a−1
i ∈ A ∪A−1

, it follows that p−1 ∈ P , as required to 
omplete

the proof.

Comment Do note that the inverse of a produ
t is the produ
t of the inverses

in the reverse order, a phenomenon that the student will have seen in the 
ase of

matri
es whi
h represent a fundamental algebrai
 system in whi
h multipli
ation

is not 
ommutative and so order matters.

6. A member a ∈ (Zn,+) will be 
y
li
 if and only if for all b ∈ Zn there exists

an x ∈ Zn su
h that ax ≡ b (mod n) and from Set 1 of MA201 we know this 
an

only happen if the g
d(a, n) divides b. In parti
ular there must be a solution

to ax ≡ 1 (mod n) and that 
an only o

ur if a and n are relatively prime.

Conversely, if a and n are relatively prime, ea
h of the pre
eding 
ongruen
es

has a solution.

In 
on
lusion, a is a generator of (Zn,+) if and only if a and n have no


ommon fa
tor apart from 1. The number of su
h generators is therefore φ(n),
where φ is the Euler φ-fun
tion. (See Set 3 of MA201.)

7. Clearly {0} and F are ideals of F . Let I be a non-zero ideal of F so

we may take a ∈ F \ {0}. Then sin
e aF ⊆ I it follows that in parti
ular

aa−1 = 1 ∈ I. But then, for any b ∈ F we have 1b = b ∈ I and sin
e b was

arbitrary we 
on
lude that F ⊆ I and so I = F .
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8. I = aR is 
losed under addition be
ause ab + ac = a(b + c) ∈ I. Clearly
0 = a0 ∈ I and if ar ∈ I then −(ar) = a(−r) ∈ I also so that I is an

abelian group under addition. Moreover I is 
losed under multipli
ation as

(ar)(as) = a(ras) ∈ aR = I and the other properties of a subring are inherited

from R. Finally I is an ideal as for any ar ∈ I and any s ∈ R we have

(ar)s = a(rs) ∈ aR = I. And of 
ourse aR = Ra by 
ommutativity.

9. The prin
ipal ideals of the integral domain Z are by de�nition the subrings

of the form nZ(n ∈ Z). The 
laim is that any ideal I of Z has this form. If

I = {0} (whi
h is 
ertainly an ideal) then take n = 0 in our 
laim. Otherwise I

ontains non-zero integers and sin
e I is an additive subgroup of Z it follows that

I 
ontains positive integers. Let n be the least positive integer in I. Certainly
we have nZ ⊆ I; we need to prove the reverse in
lusion to 
omplete the proof.

Take any positive number m ∈ I so we have n ≤ m. Let d be the g
d of

m and n. Then by the Eu
lidean algorithm we know that there exist integers

a and b su
h that am + bn = d. However sin
e m,n ∈ I then so are am, bn
(as I is 
losed under addition and under the taking of negatives, a point that is

important as a and b may be negative) and so d = am+ bn ∈ I also. However

sin
e d is positive and d ≤ n it follows by 
hoi
e of n that d = n and so m ∈ nZ.
Finally if m ∈ I and m < 0 then −m ∈ I and −m > 0 and by what we have

just proved −m, and therefore also m, is a member of the prin
ipal ideal nZ.
Therefore I = nZ, as 
laimed.

10. The maximal ideals of Zare the prin
ipal ideals pZ where p is prime. To

see this let I be any ideal of Z. Then I = nZsay. If n is 
omposite, so that

n = ab say with 2 ≤ a, b and then we have that I ⊆ aZ as for any nk ∈ I we

may write nk = a(bk) ∈ aZ. On the other hand sin
e a < n we 
annot write a
in the form a = nk (k ∈ Z) and sin
e a = a · 1 ∈ aZ, it therefore follows that if
n is 
omposite then I is not maximal. In other words, any maximal ideal of Z

has the form I = pZ for some prime p.
Conversely let J be an ideal of Z su
h that I = pZ is stri
tly 
ontained in

J . Take n ∈ J \ I so that p is not a fa
tor of n. Hen
e p and n are relatively

prime and so by the Eu
lidean algortithm there exist integers a and b su
h that

ap + bn = 1. It then follows that 1 ∈ J , whereupon it follow that J = Z.

Therefore I = pZ is indeed a maximal ideal of Z.
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Problem Set 5

1. Certainly a 7→ ah maps H into aH and is 
learly surje
tive as any

member of the range has the form ah (h ∈ H). The mapping is also one-to-one

as if ah = bh then a = b as groups are 
an
ellative. Hen
e the mapping is a

bije
tion from H onto aH and so all left 
osets are equi
ardinal.

Comment H is both a left and right 
oset of H as H = eH = He.
2. We prove this by showing that if aH ∩ bH 6= ∅ then aH = bH . To

do this it is enough to show that aH ⊆ bH for the reverse 
ontainment then

follows by symmetry. Let us take c ∈ aH ∩ bH so that c = ah1 = bh2 for some

h1, h2 ∈ H . Then a = bh2h
−1
1 ∈ bH as h2h

−1
1 ∈ H. However sin
e a ∈ bH we

get aH ⊆ (bH)H = b(H2) = bH , as required to 
omplete the proof.

3. By Question 2 we have that the left 
osets of H are pairwise disjoint.

The union of all the left 
osets is G as ea
h a ∈ G is a member of its own left


oset aH as a = ae and e ∈ H . Therefore the left 
osets (and dually the right


osets) of G partition G into blo
ks, and by Question 1 these blo
ks are all of

the same 
ardinal.

4. Note that

(aH = bH) ⇔ (a−1aH = a−1bH) ⇔ (eH = a−1bH) ⇔ (H = a−1bH) (3)

but then a−1b = a−1be ∈ a−1bH = H so that a−1b ∈ H .

Comment Note in parti
ular that H = aH if and only eH = aH , whi
h is

to say that e−1a = ea = a ∈ H . Similarly Ha = H if and only if a ∈ H .

Conversely if a−1b ∈ H then sin
e hH = H for every h ∈ H (as h = he =
eh ∈ hH ∩ eH = H implies that hH = H by Question 2) then a−1bH = H and

so aH = bH by (3).

5. In the table below, the entry in row X and 
olumn Y is the result of

a
ting �rst X and then Y .

× R0 R1 R2 R3 S0 S1 S2 S3

R0 R0 R1 R2 R3 S0 S1 S2 S3

R1 R1 R2 R3 R0 S1 S2 S3 S0

R2 R2 R3 R0 R1 S2 S3 S0 S1

R3 R3 R0 R1 R2 S3 S0 S1 S2

S0 S0 S3 S2 S1 R0 R3 R2 R1

S1 S1 S0 S3 S2 R1 R0 R3 R2

S2 S2 S1 S0 S3 R2 R1 R0 R3

S3 S3 S2 S1 S0 R3 R2 R1 R0

Sin
e H = {R0, S0} has two members, there are

8
2 = 4 left 
osets and 4 right


osets of H . The left 
osets are as follows:

H = {R0, S0}, R1H = {R1R0, R1S0} = {R1, S1}, R2H = {R2, S2}, R3H =
{R3, S3}, while the right 
osets are:
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H = {R0, S0}, HR1 = {R0R1, S0R1} = {R1, S3}, HR2 = {R2, S2}, HR3 =
{R3, S1}.

6. By Question 4, the left 
osets of H partition G into blo
ks all of equal


ardinality. Sin
e H is itself one of these 
osets, the 
ardinality of ea
h left 
oset

(and ea
h right 
oset) is |H |. The order of G is therefore |H | times the number

of left 
osets of H in G, whi
h is by de�nition the index of H is G. Therefore
we have the equation:

|G| = [G : H ] · |H |.
In parti
ular, in the 
ase of a �nite semigroup G, the order of any subgroup |H |
must be a fa
tor of |G|.

7. Let G be a group with |G| = p, a prime. Let a be any element of G apart

from its identity element e. Then H = 〈a〉is a subgroup of G and |H | ≥ 2 as

e, a ∈ H . By Lagrange's theorem, |H | is a fa
tor of p but sin
e p is prime it

follows that |H | = p = |G| and so H = G, whi
h is a 
y
li
 group of order p.
Comment Anti
ipating Problem Set 6, we may say G is isomorphi
 to Zp,

an isomorphism φ : H → Zp is de�ned by akφ = k (k ∈ {0, 1, · · · , k − 1}.
8. By Question 7 it follows that, up to isomorphism (the naming of elements)

the only groups of orders 2, 3 and 5 are Z2, Z3, and Z5 resoe
tively and of 
ourse

all groups of order 1 are trivial. A group of order 4 is either 
y
li
 (so that G
is not a 
opy of Z4) or every non-identity member a ∈ G must have order

2 by Lagrange's theorem. Let use write G = {e, a, b, c} say and so we have

a2 = b2 = c2 = e. Now sin
e G is 
an
ellative and inverse are unique it follows

that ab ∈ {e, a, b} is impossible. Hen
e we must have ab = c and by the same

token a produ
t of any two distin
t members of the set {a, b, c} must equal the
third. Hen
e this 
ompletely determines the multipli
ation of G and so there


an be only one other group of order 4 apart from the 
y
li
 group Z4. This

table does indeed represent a group as Z2 ×Z2 is a group of order 4 that is not

a 
opy of Z4 as not member of Z2 × Z2 generates a group of order 4.
Suppose G is abelian of order 6. We show that G is 
y
li
 and so G is a


opy of Z6. All non-identity members of G have orders 2, 3 or 6. Suppose that a
andb were two distin
t members of G of order 2. Then ab = c with c 6= a, b and
c2 = a2b2 = e. Then ac = a2b = b, bc = b2a = a and so {e, a, b, c} is a subgroup
of order 4; however 4 does not divide 6, so this 
ontradi
ts Lagrange's theorem.

If G were not 
y
li
 it follows that at least 4 members of G are of order 3. If a is
of order 3 then so is a2 so there exist two subgroups of the form Ha = {e, a, a2}
and Hb = {e, b, b2} with Ha ∩ Hb = {e},with the remaining member c ∈ G
then ne
essarily of order 2. Then cHa = {c, ca, ca2} = G \ Ha = {c, b, b2}.
But if ca = b we have c2a2 = a2 = b2, a 
ontradi
tion, while if ca = b2 then

c2a2 = a2 = b4 = b, again a 
ontradi
tion. The only remaining alternative is

that G has a member of order 6 and so G is 
y
li
.

However, there is one non-abelian group of order 6, whi
h is S3, the sym-

metri
 group on a set of order 3 (whi
h is also D3, the group of symmetries

of the equilateral triangle). For instan
e the produ
t of the two transpositions

(1 2) and (2 3) is equal to the 3-
y
le (1 3 2) (if we a
t (1 2) �rst) and is equal to

(1 2 3) if a
ted in the reverse order.
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9. (i) Suppose that H ⊳G and let a ∈ G. Then

aH = Ha ⇒ aHa−1 = Haa−1 = H

so it is 
ertainly the 
ase that aHa−1 ⊆ H for all a ∈ G.
Conversely suppose that for all a ∈ G we haveaHa−1 ⊆ H . Then aHa−1a ⊆

Ha, and aH ⊆ Ha. We may obtain the reverse in
lusion by repla
ing a by a−1

for then we have a−1H(a−1)−1 = a−1Ha ⊆ H so that aa−1Ha ⊆ aH , whi
h is

to say Ha ⊆ aH. Therefore the 
ondition that a−1Ha ⊆ H for all a ∈ G implies

that aH = Ha for all a ∈ G, whi
h is to say that H ⊳G, as required.
(ii) We have that aH = Hb so that a = ae ∈ aH = Hb so that for some

h ∈ H we have a = hb. But then Ha = Hhb = Hb = aH . It follows that H⊳G.
(iii) Take the dihedral group of Question 6. The subgroup H is abelian (as

noted in Question 8) but is not normal in G as R1H 6= HR1 (as shown above).

(iv) We have [G : H ] = 2. Let a ∈ G. If a ∈ H then aH = Ha = H .

Otherwise a 6∈ H so aH 6= H and Ha 6= H . However sin
e the index of H is 2
it follows that aH = Ha = G \H . Hen
e for any a ∈ G we have aH = Ha so

that H ⊳G.
10 (i) Trivially if one subgroup is 
ontained in the other, H ⊆ K say, then

H ∪ K = K ≤ G. Otherwise we may take h ∈ H \ K and k ∈ K \ H and


onsider the produ
t hk. If H ∪ K ≤ G then hk ∈ H or hk ∈ K. However,

if hk = h′ ∈ H then k = h−1h′ ∈ H , 
ontrary to our 
hoi
e of k. Similarly

hk ∈ K leads to the 
orresponding 
ontradi
tion that h ∈ K. Therefore the

assumption that H ∪K ≤ G is false unless H ⊆ K or K ⊆ H .

(ii) Take G = Z2 × Z2. Let H1 = {(0, 0), (0, 1)}, H2 = {(0, 0), {1, 0)} and

H3 = {(0, 0), (1, 1)}. Then evidently ea
hHi ≤ G, none of these three subgroups
is 
ontained in one of the others but H1 ∪ H2 ∪ H3 ≤ G, indeed this union is

equal to G.

Problem Set 6

1. (i) De�ne the mapping φ : 〈i〉 → Z4 by it 7→ t (mod 4). Sin
e i4 = 1 it

follows that φ(it) = φ(is) if and only if t ≡ s (mod 4) so that φ is a well-de�ned

fun
tion (be
ause of the forward impli
ation) and φ is one-to-one (be
ause of

the reverse impli
ation). Find φ(itis) = φ(it+s) = (t + s) (mod 4) ≡ (t (mod

4) +s (mod 4)) (mod 4) = (φ(it) + φ(is)) (mod 4), so thatφ is a bije
tive

homomorphism and therefore the two groups are isomorphi
.

(ii) The two groups are not isomorphi
 as one has an element of order 4 and
the other does not. In detail, take any homomorphism φ : Z4 → Z2 × Z2 and

take any k ∈ Z4 so that φ(k) = (a, b) say. Then

φ(2k) = φ(k + k) = φ(k) + φ(k) = (a, b) + (a, b) = (2a, 2b) = (0, 0).

However, by Question 2 we know that φ(0) = (0, 0) and so if φ were inje
tive

this would imply that 2k = 0 for all k ∈ Z4. Sin
e Z4 has members that
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are not of order 1 or 2 (1 and 3 generate all of Z4) it follows that there is no

monomorphism from Z4 to Z2 × Z2 and in parti
ular the two groups are not

isomorphi
.

Comment In general, to show that two groups (or semigroups or rings et
)

are not isomorphi
 it is enough to identity one algebrai
 feature (a feature

preserved by isomorphisms) that is di�erent from the �rst group to the se
ond.

For example, 
ardinality, 
ommutativity, order of elements, nature of subgroups

et
. If after due 
onsideration the two groups appear to be algebrai
ally the

same, we prove as mu
h by �niding a spe
i�
 isomorphism between the two

groups (as in Question 1).

2 (i) Note �rst that the identity e of any group K is the unique idempotent

of K, for 
ertainly e2 = e and if a2 = a then a2 = ae when
e by 
an
ellativity

a = e. Hen
e we may show that φ(eG) = eH by veriftying that φ(eG) is an
idempotent. However, sin
e φ is a homomorphism

φ2(eG) = φ(e2G) = φ(eG),

as required.

(ii) For a, b ∈ S we have

(f ◦ g)(ab) = f(g(ab)) = f(g(a)g(b)) = f(g(a))f(g(b)) = (f ◦ g)(a)(f ◦ g)(b).

Comment In parti
ular, the 
omposition of two endomorphisms is another,

showing that the endomorphisms of a semigroup S form a semigroup; sin
e the


omposition of two permutations is a permutation, it follows that the automor-

phisms of a semigroup S form a group, denoted by Aut(S).
3 Certainly f(S) is a non-empty subset of T . Take t1, t2 ∈ f(S) so we may

write t1 = f(a1) and t2 = f(a2) say. Then

t1t2 = f(a1)f(a2) = f(a1a2) ∈ f(S),

thereby showing that f(S) is a subsemigroup of T .
4. Suppose next that S is a group and 
onsider the subsemigroup f(S) of

T . Let e be the identity of S. Then g = f(e) is the identity element of f(S) for
take any t = f(a) ∈ f(S). Then

tg = f(a)f(e) = f(ae) = f(a) = t,

and a similarly line of proof shows that g is also a left identity element of f(S).
Finally let t, t−1

be a pair of inverses in the group S. Then

f(t)f(t−1) = f(tt−1) = f(e) = g

and therefore f(S) is a group within the semigroup T .
Comment We 
annot 
on
lude in these 
ir
umstan
es that T is a group. For

example, take any monoid S with identity e and suppose that S is not a group.

The identity mapping on S (whi
h is an automorphism of S) then maps the

subgroup {e} of S onto itself but the image S is not itself a group.
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5 (i) By Question 3 we know that f(G) is a subgroup of the semigroup T .
Take any v ∈ f(G), whi
h we may write as v = f(a) for some a ∈ G. Let e
denote the identity element of G. By Question 2 we know that g = f(e) is the
identity element of the group f(G). Then sin
e G is a group, we may take the

inverse a−1
of a in G and obtain:

f(a−1)f(a) = f(a−1a) = f(e) = g

and similarly we �nd that f(a)(f(a−1) = g. Sin
e inverses in a group are unique,
we 
on
lude that f(a−1) = f(a)−1

, as required.

Comment What we have shown is that a group homomorphism preserve the

identity element and preserves inverses.

(ii) Now let V be a subgroup of T . By Question 4 we have that U = f−1(V )
is a subsemigroup of G. By Question 2, we have that f(eG) = eT , whi
h is

ne
essarily a member of the subgroup V as the group T has eT as its only

idemotent. This says that eG ∈ f−1(V ). Finally take any a ∈ f−1(V ). Then by

above we have that f(a−1) = (f(a))−1 ∈ V as f(a) ∈ V and V is a subgroup of

T . Therefore a−1 ∈ f−1(V ) also and therefore U = f−1(V ) is a subgroup of G.
Comment Note that the inverse image f−1(V ) of a subgroup of the group T


annot be empty as eT ∈ V and f(eG) = eT so that eG ∈ f−1(V ). However, in
the 
ase of a semigroup T that is not a group, it is possible for a subgroup V of

T to have an empty interse
tion with the image group f(G). This is be
ause a
semigroup T 
an 
ontain disjoint subgroups (with di�erent identity elements).

Take any two members u1, u2 ∈ f−1(V ) so that f(ui) = vi (i = 1, 2), where
ea
h vi ∈ U . Then sin
e f is a homomorphism and V is 
losed in T under

produ
t we obtain

f(u1u2) = f(u1)f(u2) = v1v2 ∈ V,

so that u1, u2 ∈ f−1(V ) and therefore U is a subsemigroup of S.
6 (i) If there is a mapping φ from a �nite set S onto another set T , then T is

�nite: for ea
h t ∈ T 
hoose a member of φ−1(t). Sin
e the sets f−1(t) partition
S, it follows that any su
h 
hoi
e de�nes a one-to-one map from T into S and

in parti
ular |T | ≤ |S|. Hen
e if S is �nite, so is its image T .
Suppose now that G is abelian. We know from Question 3 that the image

φ(G) = T is a group. Take any t1, t2 ∈ T , whi
h we may write as ti = φ(ai)
(i = 1, 2). Then

t1t2 = φ(a1)φ(a2) = φ(a1a2) = φ(a2a1) = φ(a2)φ(a1) = t2t1,

showing that T is also an abelian group.

(ii) We have 〈A〉 = G and φG → T is an epimorphism. Take any t ∈ T so

that t = φ(a) say. We may fa
torize a as a = a1a2 · · · an (n ≥ 0) where the ai
are (not ne
essarily distin
t) members of the generating set A.

Comment Note that for n = 0 we mean that a = e, the identity of G; sin
e e
lies in every subgroup of G and in general 〈A〉 is the interse
tion of all subgroups
of G that 
ontain A, it follows that e ∈ 〈A〉 is always true.
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But then we have

t = φ(a) = φ(a1a2 · · ·an) = φ(a1)φ(a2) · · ·φ(an),

and sin
e t was arbitrary this shows that φ(A) generates the image φ(G) = T .
(iii) Suppose that V ≤ T . Then by Question 5 we have U = φ−1(V ) is a

subgroup of G. Suppose further that V ⊳ T . Then for any a ∈ G we have

φ(aUa−1) = φ(a)φ(U)(φ(a−1) = φ(a)V (φ(a))−1

and sin
e V ⊳ T it follows that φ(aUa−1) = V or what is the same, aUa−1 ⊆
φ−1(V ) = U . By Question 9 of Set 5 we 
on
lude that U ⊳G, as required.

7 (i) Certainly C \ {0} is 
losed under this binary operation (as C has no

zero divisors) but asso
iativity needs to be 
he
ked, so let a, b, c ∈ C. Then

a ◦ (b ◦ c) = a ◦ (|b|c) = |a||b|c = |ab|c;

(a ◦ b) ◦ c = (|a|b) ◦ c = ||a|b|c = |ab|c
so we have asso
iativity and thus a semigroup. Suppose that a ◦ b = a ◦ c in S,
whi
h is to say that |a|b = |a|c and sin
e |a| 6= 0 we may 
an
el to get b = c,
thereby establishing left 
an
ellativity. However, given that b◦a = c◦a we have
only that |b|a = |c|a whi
h will be true whenever |b| = |c| so there is no need for

b = c to hold. To show right simpli
ity of our semigroup, whi
h is to say that

a ◦ S = S for all a ∈ S we need to show we 
an solve the equation a ◦ x = b for
any given a, b ∈ S. Our equation is then |a|x = b ⇔ x = b

|a| , as required.

(ii) The key now is to ask ourselves when is it the 
ase that a ◦ b = b? This
o

urs when |a|b = b ⇔ |a| = 1. Let us put E = {a ∈ C : |a| = 1}. By the

previous observation it follows that for any e, f ∈ E we have e ◦ f = |e|f = f
so that E is indeed a right zero subsemigroup of S. We may write any a ∈ S
as a = |a| a

|a| , thus expressing a as a produ
t of a positive real number and a


omplex number of unit modulus. To this end let G = (R+, ·), the group of all

positive real numbers under multpli
ation and 
onsider the semigroup G× E.
We 
laim that G × E is isomorphi
 to S. We 
laim that the mapping is

φ(a) = ( a
|a| .|a|) is an isomorphism as we now 
he
k.

To see that φ is one-to-one, suppose that φ(a) = φ(b) so that ( a
|a| , |a|) =

( b
|b| , |b|). Then a

|a| =
b
|b| =

b
|a| , whi
h implies that a = b, thus establishing that

φ in inje
tive.

Next take any member (g, e) ∈ G × E (g ∈ R+, e ∈ Cwith |e| = 1) and put

a = ge. Then |a| = |ge| = |g||e| = g · 1 = g. Hen
e φ(a) = ( a
|a| , |a|) = ( ge

g
, g) =

(e, g), when
e it follows that φ is also surje
tive and hen
e a bije
tion. Finally,

φ preserves the semigroup operation as

φ(ab) = (
ab

|ab| , |ab|) = (
a

|a| ·
b

|b| , |a| · |b|) = (
a

|a| , |a|)(
b

|b| , b) = φ(a)φ(b).

Therefore we 
an say that S is indeed represented by the dire
t produ
t G×E.
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Comment It may also be proved that any left 
an
ellative and right simple

semigroup has the form G×E for a suitable group G and a right zero semigroup

E (and 
onversely). What is more any these properties are also equivalent to

S being right simple and 
ontaining at least one idempotent. However, there

exist examples of (ne
essarily in�nite) semigroups that are both right simple

and right 
an
ellative without being left 
an
ellative: the so-
alled Baer-Levi

semigroups.

8 (i) Sin
e φ(eG) = e it follows that eG ∈ker(φ) and that ker(φ) 6= ∅. Next
take a, b ∈ ker(φ). By Question 9 set 2, to show that ker(φ) ≤ G we need only


he
k that ab−1 ∈ ker(φ). But sin
e homomorphisms 
ommute with inversion

we get:

φ(ab−1) = φ(a)φ(b−1) = φ(a))(φ(b))−1 = eHe−1
H = e2H = eH .

Finally, to show normality of ker(φ) we need only show (by Question 9(i) of Set

5) that if n ∈kerφ and a ∈ G then a−1na ∈ ker(φ):

φ(a−1na) = φ(a−1)φ(n)φ(a) = (φ(a))−1eHφ(a)

= (φ(a))−1φ(a) = eH ,

whi
h 
ompletes the proof.

(ii) It is always the 
ase that φ(eG) = eH so that eG ∈ ker(φ) is always true.
If a ∈ker(φ) then φ(a) = φ(eG) = eH . Hen
e if φ is inje
tive then a = eG so that

ker(φ) = {eG}. Conversely suppose that ker(φ) = {eG} and that φ(a) = φ(b).
Then

(φ(a)(φ(b))−1 = eH) ⇒ (φ(a)φ(b−1) = eH) ⇒ φ(ab−1) = eH

so that ab−1 ∈ ker(φ). However, sin
e ker(φ) = {eG} we have that ab−1 = eG ⇔
a = b. This shows that if ker(φ) is trivial in this way then φ is a monomorphism.

9 (i) First we show that φg is a homomorphism on G, so let us take any

a, b ∈ G and remembering that g−1g = e, the identity of G, we obtain

φg(ab) = g(ab)g−1 = (gag−1)(gbg−1) = φg(a)φg(b).

Next we show inje
tivity:

φg(a) = φg(b)

⇒ gag−1 = gbg−1,

whi
h implies that a = b as groups are 
an
ellative. Finally for surje
tivity, take
any target point x ∈ G. Then

φg(g
−1xg) = gg−1xgg−1 = x,

and so it follows that φg is also onto. Therefore φg is an automorphism of G.
Comment An automorphism of the type φg de�ned by 
onjugation by g is

known as an inner automorphism of G.
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(ii) Take any φg, φh ∈ In(G) and a ∈ G. We have

(φgφh)(a) = φg(φh(a)) = g(hah−1)g−1 = (gh)a(gh)−1 = φgh(a) (4)

and so (4) shows that φgφh = φgh and in parti
ular In(G) is a semigroup.

Moreover In(G) has an identity element in φe as by (4) we have

φeφg = φeg = φg = φge = φgφe.

Finally (φg)
−1 = φg−1

as φg−1φg = φg−1g = φe and in the same way φgφg−1 =
φe. Therefore In(G) is a group.

It follows from the elementary fa
ts that the 
omposition of permutations

is another permutation and the 
omposition of homomorphisms is another ho-

momorphism that Aut(G) is a group, so we now know that In(G) ≤ Aut(G).
Let us take any α ∈ Aut(G) and φg ∈ In(G). We 
laim that αφgα

−1 = φα(g)

from whi
h follows our normality 
laim for In(G) in Aut(G). And so, take any

a ∈ G. We obtain

αφgα
−1(a) = α(gα−1(a)g−1) = α(g)α(α−1(a))α(g−1)

= α(g)a(α−1(g)) = φα(g)(a),

and sin
e a was arbitrary we arrive at the required 
on
lusion that a In(G) is

losed under 
onjugation by automorphisms of G.

(iii)

φ([a, b]) = φ(a−1b−1ab) = φ(a)−1φ(b)−1φ(a)φ(b) = [φ(a), φ(b)].

10. If g = xhx−1
then h = x−1gx = x−1g(x−1)−1

showing that the relation

∼ is symmetri
 on G. Sin
e g = ege−1
we have that g ∼ g and so ∼ is re�exive.

Finally suppose that g ∼ h and h ∼ k say so that g = xhx−1
and h = yky−1

.

Then substituting the se
ond equation into the �rst yields

g = x(yky−1)x−1 = (xy)k(xy)−1,

thus showing that g ∼ k and so ∼ is transitive and therefore 
onjuga
y does

de�ne an equivalen
e relation on ∼.

Problem Set 7

1. Sin
e N ⊳G we have aN = Na so that

(aN)(bN) = (Na)(bN) = N(abN) = N2ab = Nab = abN.

Comment It is worth making doubly sure that this produ
t makes sense, or is

well-de�ned as we say, by 
he
king that if we take di�erent representatives for
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our 
osets, the produ
t 
oset is still the same. We say the out
ome is independent

of the 
oset representatives used. That is, let us suppose that aN = a1N and

bN = b1N , whi
h is equivalent to saying that aa−1
1 , bb−1

1 ∈ N (Question 4 Set

5). Then we need to 
he
k that abN = a1b1N . Now ab(a1b1)
−1 = abb−1

1 a−1
1 .

However bb−1
1 = x ∈ N , and then axa−1 ∈ N as N ⊳G.

2. For asso
iativity take aN, bN, and cN in G/N . Using asso
iativity of G
we obtain:

(aNbN)cN = abNcN = (ab)cN = a(bc)N

= aN(bNcN), as required.

This shows that G/N is a semigroup and indeed a monoid as the 
oset N is the

identity element: (aN)N = aNeN = aeN = aN and similarly N(aN) = aN .

Finally the inverse of aN is the 
oset a−1N as (aN)(a−1N) = aa−1N = eN =
N , and similarly (a−1N)(aN) = N . Therefore G/N is a group.

Comment We refer to G/N as a quotient group of G.
3. To show that η is well-de�ned suppose that aN = bN , whi
h gives

ab−1 ∈ N = ker(φ), whi
h in turn gives φ(ab−1) = eT , so that φ(a)(φ(b))−1 =
eT ⇔ φ(a) = φ(b), as required to show that η is indeed a fun
tion from G/N to

U = φ(G).
To see that Φ is surje
tive, take any u ∈ U so that u = φ(a) say. Then

aN ∈ G/N as aN 7→ φ(a) = u, hitting the nominated target in the range.

Next, Φ is inje
tive for suppose that (aN)Φ = (bN)Φ, whi
h is to say that

φ(a) = φ(b), when
e φ(ab−1) = eT so that ab−1 ∈ N ⇔ aN = bN , as required

to show that Φ is one-to-one. Finally Φ is a homomorphism as

Φ(aNbN) = Φ(abN) = φ(ab) = φ(a)φ(b) = Φ(aN)Φ(bN).

In 
on
lusion, the mapping η : G/N → U is an isomorphism of G/N onto the

homomorphi
 image U = φ(G).
Conversely let N ⊳G and let η : G → G/N be de�ned by aη = aN . Then

η is 
learly surje
tive and η is a homomorphism by Question 2 for if we take

a, b ∈ G we then have

η(ab) = abN = aNbN = η(a)η(b).

Finally a ∈ ker(η) if and only if aη = N ⇔ aN = N ⇔ a ∈ N , so that

ker(η) = N , as required.

Comment It follows that, up to isomorphism, every homomorphi
 image of

G has the form G/N for some normal subgroup of G. In parti
ular this shows

that all homomorphi
 images as they are 
alled of G 
an be 
onstru
ted from

G itself (via its normal subgroups) without referen
e to any 'outside' group.

4. Sin
e aN = Na for all a ∈ G it is 
ertainly the 
ase that aN = Na for

all a ∈ H and so it follows that HN = NH . To see that HN is a subgroup of

G take a, b ∈ HN , whi
h we may write as a = h1n1 and b = h2n2 (hi ∈ H,ni ∈
N, i = 1, 2). Then

ab−1 = (h1xxn1)(h2n2)
−1 = h1(n1n

−1
2 )h2 = h1nh2
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where n = n1n
−1
2 ∈ N . Sin
e HN = NH we may write nh2 = h′

2n
′
2 for some

h′
2 ∈ H and n′

2 ∈ N . But then

ab−1 = h1nh2 = (h1h
′
2)n

′
2 ∈ HN

thereby showing that HN ≤ G. Clearly N ⊆ HN and sin
e aN = Na for all

a ∈ G it is the 
ase that aN = Na for all a ∈ HN so we have N ⊳HN .

5. Sin
e H,N ≤ G it is 
ertainly the 
ase that H ∩N ≤ G. Take any a ∈ H .

Then a(H ∩N)a−1 ⊆ H as H ≤ G and a(H ∩N)a−1 ⊆ N as N ⊳G. Therefore
a(H ∩N)a−1 ⊆ H ∩N for all a ∈ H , whi
h shows by Question 9(i) Set 5 that

H ∩N ⊳H .

6. De�ne a mapping φ : H → HN/N by h 7→ hN . (Note that N is not

assumed to be a subset of H so that hN lies in HN/N and not in H/N .) Then

φ is a homomorphism as

φ(ab) = abN = (aN)(bN) = φ(a)φ(b).

Then

ker(φ) = {h ∈ H : hN = N} = {h ∈ H : h ∈ N) = H ∩N.

Finally we note that φ is a surje
tion be
ause for any hnN ∈ HN/N we have

hnN = hn = φ(h). From the 1st Isomorphism theorem we 
on
lude that

H

H ∩N
≈ HN

N
.

7. We 
onsider the mapping φ : (G/N) → G/M whereby aN 7→ aM , �rst

showing it to be well-de�ned. Suppose that aN = bN ; then ab−1 ∈ N ≤ M so

aM = bM also and so φ is indeed a fun
tion and, by 
onstru
tion, a surje
tive

fun
tion. What is more, φ is a homomorphism as

φ(aNbN) = φ(abN) = abM = (aM)(bM) = φ(aN)φ(bN).

Finally we identify the kernel of φ:

ker(φ) = {aN : aM = M} = {aN : a ∈ M} = M/N.

Hen
e by the 1st Isomorphism theorem we 
on
lude that

(G/N)/(M/N) ≈ G/M.

Comment This theorem is saying that if you fa
tor G by a normal subgroup

N , and fa
tor the image by the normal subgroup M/N where N ≤ M , then

that is e�e
tively the same as fa
toring out the larger normal subgroup M of

G in the �rst pla
e. The notation en
ourages this to be thought of as a kind of


an
ellation in the

G
N
/M
N

≈ G
M
.

8. Sin
e φ is a homomorphism of the abelian group (R,+) we have that

φ(0) = 0 so that 0 ∈ ker(φ), whi
h is therefore not empty. Suppose that a, b ∈
ker(φ) and c ∈ R. Then

φ(a+ b) = φ(a) + φ(b) = 0 + 0 = 0;
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φ(ac) = φ(a)φ(c) = 0φ(c) = 0

and similarly φ(ca) = 0 so that ker(φ) is an ideal of R.
Suppose that a ∈ ker(φ) so that φ(a) = φ(0) = 0. It follows that if φ is

one-to-one then a = 0 and so ker(φ) = {0}.
Conversely suppose that ker(φ) = {0} and suppose that φ(a) = φ(b). Sin
e

group homomorphisms respe
t inverses we have (in additive notation)

φ(a− b) = φ(a + (−b)) = φ(a) + φ(−b) = φ(a)− φ(b) = 0

and so a− b ∈ker(φ) = {0} so that a− b = 0, whi
h gives a = b. Hen
e if ker(φ)
is trivial then φ is indeed a monomorphism.

9. Sin
e (R,+) is an abelian group we immediately have that R/I is also

with addition (I + a) + (I + b) = I + (a + b). We need to 
he
k that the

formula (I + a)(I + b) = I + ab is well-de�ned, whi
h is to say independent

of the representatives of the 
osets in the produ
t. To that end suppose that

I + a = I + a′ and I + b = I + b′. Then a = a′ + i, b = b′ + j, where i, j ∈ I.
Then

ab = a′b′ + (a′j + b′i+ ij);

now sin
e I is an ideal we have that a′j, b′i, ij ∈ I so that ab− a′b′ = a′j+ b′i+
ij ∈ I and so I + ab = I + a′b′. The asso
iativity of the semigroup (R, ·) now
follows from that of R as does the distributivity of addition over multipli
ation.

Comment Note that, unlike the 
ase of groups, we are not 
laiming that the

multipli
ation of the sets (I + a)(I + b) in R results in the set I + ab, as we are
not 
laiming that I2 + aI + Ib 
ontains all of I; however we have shown that

this rule a
ts as a valid multipli
ation in the ring R/I.
10. Let I = ker(f). Then the rule I + a 7→ f(a) is that of a well-de�ned

mappng φ as if I+a = I+b then a−b ∈ ker(f) so that f(a−b) = f(a)−f(b) = 0
so that f(a) = f(b). This mapping φ is a homomorphism:

φ((I + a) + (I + b)) = φ(I + (a+ b)) = f(a+ b) = f(a) + f(b)

= φ(I + a) + φ(I + b);

φ((I + a)(I + b)) = φ(I + ab) = f(ab) = f(a)f(b)

= φ(I + a)φ(I + b).

Finally the mapping is 
learly onto and is also one-to-one as if φ(I+a) = φ(I+b)
then f(a) = f(b), so that f(a− b) = 0 so that a − b ∈ I and so I + a = I + b.
Therefore φ is an isomorphism between the rings R/I and S.

Conversely, give an ideal I of R 
onsider the mapping η : R → R/I where

η(a) = aI. This is 
learly a surje
tion and η(ab) = (aI)(bI) = abI = η(a)η(b)
shows we have an epimorphism. Moreover

ker(η) = {a ∈ R : η(a) = I} = {a ∈ R : a ∈ I} = I.

Comment In words, if S is a homomorphi
 image of R then there exists

an ideal I su
h that S ≈ R/I and 
onversely if I ⊳ R then there exists a

homomorphi
 image of R of the form R/I.
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Problem Set 8

1. The 
laim is 
lear in the 
ase where either m = 1 or n = 1 so we

assume that 2 ≤ m,n. Consider the mapping φ : Zmn → Zm × Zn whereby

aφ = (a, a). This mapping is always a homomorphism as, working with the

appropriate modulus throughout we have

(a+ b)φ = (a+ b, a+ b) = (a, a) + (b, b) = aφ+ bφ.

Sin
e |Zm × Zn| = mn = |Zmn| it follows that φ is an isomorphism if and only

if φ is one-to-one, whi
h is equivalent to saying that ker(φ) is trivial, so let us

suppose that aφ = (0, 0), (0 ≤ a ≤ mn− 1) whi
h is to say that

(a, a) = (0, 0) ⇔ (m|a ∧ n|a).

Now let us suppose further that m and n are relatively prime. The Chinese

remainder theorem tells us that if (m,n) = 1 then there is a unique x = a with

0 ≤ a ≤ mn − 1 su
h that for any integers b and c, x ≡ b (mod m) and x ≡ c
(mod n). In parti
ular, taking b = c = 0 it follows that a = 0 is the unique

member of Zmn su
h that m|a and m|b and so φ is a required isomorphism.

Conversely suppose that α : Zmn → Zm × Zn is any homomorphism. Then

0α = (0.0). Now let d denote a 
ommon fa
tor of m and n. Then (mn
d
)φ =

(n
d
m.m

d
n) = (0, 0). However if d ≥ 2 then

mn
d

6≡ 0 (mod mn) and so φ is not

one-to-one and so α is not an isomorphism. Therefore if Zmn ≈ Zm × Zn then

m and n have no 
ommon fa
tor apart from 1.
Comment Some texts denote the 
y
li
 group Zn by Cn (C for 
y
li
) and

reserve the symbol Zn for the ring Zn(+, ·).
2 (i) The prime de
omposition of 12 is 12 = 22 · 3. In prime power fa
tor

form we have that the distin
t (i.e. pairwise non-isomorphi
) abelian groups of

order 12 are:

Z2 × Z2 × Z3, and Z4 × Z3;

in invariant fa
tor form these two groups have respe
tive representations:

Z2 × Z6, and Z12.

(ii) 72 = 23 · 32. Hen
e the six distin
t abelian groups of order 72 are:

Z2 × Z2 × Z2 × Z3 × Z3 ≈ Z2 × Z6 × Z6, 2|6|6

Z2 × Z4 × Z3 × Z3 ≈ Z6 × Z12, 6|12;
Z8 × Z3 × Z3 ≈ Z3 × Z24, 3|24;

Z2 × Z2 × Z2 × Z9 ≈ Z2 × Z2 × Z18, 2|2|18;
Z2 × Z4 × Z9 ≈ Z2 × Z36, 2|36;

Z8 × Z9 ≈ Z72.
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(iii) 1176 = 23 · 3 · 72:

Z2 × Z2 × Z2 × Z3 × Z7 × Z7 ≈ Z2 × Z14 × Z42, 2|14|42;

Z2 × Z4 × Z3 × Z7 × Z7 ≈ Z2 × Z28 × Z84, 2|28|84;

Z8 × Z3 × Z7 × Z7 ≈ Z7 × Z168; 7|168;

Z2 × Z2 × Z2 × Z3 × Z49 ≈ Z2 × Z2 × Z294, 2|2|294;
Z2 × Z4 × Z3 × Z49 ≈ Z2 × Z588, 2|588;

Z8 × Z147 ≈ Z1176.

(iv) Writing ea
h group in turn in invariant fa
tor form the list be
omes:

Z24,Z2 × Z12,Z24,Z2 × Z12,Z2 × Z2 × Z6,Z2 × Z12;

hen
e the isomorphism groups are:

{Z24,Z8 × Z3}, {Z3 × Z4 × Z2,Z2 × Z12,Z4 × Z3 × Z2}, {Z3 × Z2 × Z2 × Z2}.

3. First let us suppose that G ≈ Zpk for some prime power n = pk. The

fa
tors of n then have the form pr for some r ≤ k. Take a = pk−r ∈ Zpk . Then

ta = 0 in G if and only if pk|ta and the least t for whi
h this holds is t = pr.
Hen
e the order of pk−r

in G is pr, whi
h established the 
laim in the 
ase of

an abelian group of prime power order.

Now take an arbitrary �nite abelian group with prime power fa
tor de
om-

position G ≈ Z
p
k1
1

× · · · × Z
p
km
m

. Then n = |G| = pk1
1 · · · pkm

m . Any fa
tor r|n
has the form r = pr11 × · · · × prmm for 0 ≤ ri ≤ ki (1 ≤ i ≤ m). By the previous

paragraph we know that for ea
h i there exists Hi ≤ Z
p
ki
i

su
h that |Hi| = prii .

Then H = H1 × · · · ×Hm ≤ G and |H | = pr11 · · · prmm , as required.

Comment In general the 
onverse of Lagrange's theorem does not hold, for

the smallest 
ounterexample see Problem 10 Set 10.

4 Certainly e ∈ Z(G) so the 
entre of a group is not empty. Let a, b ∈ Z(G)
and let x ∈ G. Then

(ab−1)x = a(x−1b)−1 = a(bx−1)−1 = axb−1 = x(ab−1),

showing that ab−1Z(G) whi
h is therefore a subgroup of G. Indeed Z(G) ⊳ G
as for any g ∈ G, a ∈ Z(G) we have gag−1 = agg−1 = a so that, in a trivial

fashion, Z(G) is 
losed under 
onjugation. Moreover, sin
e ea
h member of

Z(G) 
ommutes with all members of G, su
h a member 
ertainly 
ommutes

with all members of Z(G) and therefore Z(G) is an abelian normal subgroup of

G.
Next 
onsider the mapping α : G → Inn(G) de�ned by g 7→ φg, where φg is

as introdu
ed in Question 9 Set 6. Then α is a homomorphism as the statement

that α(gh) = α(g)α(h) means just that φgh = φgφh, whi
h we have already
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observed in Question 9 (ii) of Set 6. By 
onstru
tion, the range of α is the

whole of Inn(G), so it remains to des
ribe ker(α). Now g ∈ker(α) if and only if

φg = φe, whi
h in turn is equivalent to saying that for all a ∈ G we have

φg(a) = φe(a) ⇔ gag−1 = eae−1 = eae = a

⇔ ga = ag ∀a ∈ G

⇔ a ∈ Z(G).

Therefore by the 1st isomorphism theorem we 
on
lude that G/Z(G) ≈ In(G).
5. By inspe
tion we see that Z(Q) = {±1) (Set 4, Question 3)and Z(D) =

{R0, R2}(Set 5, Question 5) (you need to identify elements in the table with

identi
al row and 
olumn). It follows that Z(Q) ≈ Z2 ≈ Z(D) and sin
e the

relation ≈ is transitive, we have that the 
entres of these groups are isomor-

phi
. The order of both quotient groups Q/Z(Q) and D/Z(D) is 8
2 = 4. By

inspe
tion the order of ea
h non-identity element in Q/Z(Q) is 2, for exam-

ple ((−k){1,−1})2 = (−1){1,−1} = {−1, 1} = Z(Q) and so it follows that

Q/Z(Q) ≈ Z2 × Z2. Similarly all non-identity members of D/Z(D) have or-

der 2: the square of ea
h re�e
tion S2
i = R0 and R2

1 = R2
3 = R2, and so

D/Z(D) ≈ Z2 × Z2 also. However, despite this, it is still not the 
ase that

Q ≈ D, whi
h 
an be from the fa
t that D the set of self-inverse elements

of D numbers six: {R0, R2, S0, S1, S2, S3} while there are only two self-inverse

elements in Q, they being ±1, the others all having order 4.
6. Applying the result of Question 9 (iii) Set 6 to the automorphism φg

gives:

g[a, b]g−1 = [gag−1, gbg−1] (5)

and so the 
onjugate of a 
ommutator is a 
ommutator. Now an arbitrary

member of the G1 has the form x = c1c2 · · · cn (n ≥ 0) where ea
h ci is a


ommutator. Then sin
e φg is a homomorphism we have

φg(x) = φg(c1)φg(c2) · · ·φg(cn),

whi
h by (5) is a produ
t of 
ommutators and therefore G1 is a normal subgroup

of G.
To see that G/G1 is abelian, let aG1, bG1 ∈ G/G1. The required 
on
lu-

sion that (aG1)(bG1) = abG1 = baG1 = (bG1)(aG1) is equivalent to showing

(ab)(ba)−1 ∈ G1. However

(ab)(ba)−1 = aba−1b−1 = [a−1, b−1] ∈ G,

thus 
ompleting the proof.

7. Clearly e ∈ C(a) so that C(a) 6= ∅. Take x, y ∈ C(a). Then

(xy)a = x(ya) = x(ay) = (xa)y = (ax)y = a(xy)

so that xy ∈ C(a) and hen
e C(a) is a subsemigroup of G. Next, sin
e ax = xa
we see that

(ax = xa) ⇒ (axx−1 = xax−1) ⇒ (x−1a = x−1xax−1)
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⇒ x−1a = ax−1

so that x ∈ C(a) implies that x−1 ∈ C(a) and therefore C(a) ≤ G.
8. (i) Observe that

gC(a) = hC(a) ⇔ gh−1 ∈ C(a) ⇔ gh−1a = agh−1

⇔ h−1ah = g−1ag.

Hen
e we have a bije
tion from the set of left 
osets of C(a) onto the 
onjuga
y

lass Cl(a) de�ned by the rule gC(a) 7→ g−1ag.

(ii) Sin
e G is partitioned by its 
onjuga
y 
lasses we may write:

|G| =
∑

a

|Cl(a)|

where the sum takes one representative a from ea
h 
onjuga
y 
lass of G. How-
ever, by part (i), ea
h |Cl(a)| may be repla
ed by the number of left 
osets of

C(a) (the index of C(a) in G) giving us the Class equation:

|G| =
∑

a

[G : C(a)]

where on
e again the sum is taken over a 
ross-se
tion (or transversal) of rep-

resentatives from the 
onjuga
y 
lasses of G.
9. Observe that the 
onjuga
y 
lass of a in G is trivial if and only if a ∈ Z(G)

in whi
h 
ase [G : C(a)] = 1 as C(a) = G. Hen
e the 
lass equation takes the

form:

|G| = |Z(G)|+
∑

a

[G : C(a)] (6)

where the sum is over all a representing non-trivial 
onjuga
y 
lasses. Now

suppose that |G| = pn, a prime power. By Lagrange's theorem we infer that

|C(a)| = pk for some k ≤ n− 1(k 6= n as a 6∈ Z(G)). Hen
e

[G : C(a)] =
|G|

|C(a)| = pn−k,

is a proper prime power (n − k 6= 0). Therefore p is a divisor of every term in

(6) and sin
e |Z(G)| ≥ 1 (as e ∈ Z(G)) it follows that |Z(G)| is also a non-zero

power of p. In parti
ular Z(G) is not trivial.
10. (i) Let G be any group of order p2 where p is prime. By Question 9,

|Z(G)| = p or p2. We are asked to show the latter so by way of 
ontradi
tion,

let us suppose that |Z(G)| = p and 
onsider the quotient group G/Z(G) whi
h

then 
onsists of

p2

p
= p 
osets.

Sin
e every group of prime order is 
y
li
, we have that G/Z(G) = 〈aZ(G)〉
for some generator aZ(G). In parti
ular, every element of G has the form atz
for some 0 ≤ t ≤ p − 1 and z ∈ Z(G). However any two elements of that form


ommute with ea
h other:

at1z1 · at2z2 = at2z2 · at1z1
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as ea
h zi 
ommutes with all elements of G and powers of a 
ommute with one

another. It follows that Z(G) = G after all, whi
h is to say that G is abelian.

(ii) In parti
ular for the prime p = 3 we see that all groups of order 32 = 9
are abelian and by the stru
ture theorem for �nite abelian groups we obtain

exa
tly two distin
t groups of order 9, they being Z3 × Z3 and Z9.

Problem Set 9

1. For any x, y ∈ S1(xy)Φ = ρxy and xΦyΦ = ρxρy. We need to 
he
k

equality of these mappings, but this follows by asso
iativity of S1
as for any

a ∈ S1
we have

aρxy = a(xy) = (ax)y = aρxρy

and so Φ is a homomorphism from S1 to TS1
. To see it is inje
tive, suppose

that xΦ = yΦ so that ρx = ρy. Then, in parti
ular for a = 1 we get 1ρx = 1ρy
so that 1x = 1y and so x = y. Therefore Φ is a monomorphism. In 
on
lusion,

the natual embedding of S into S1
followed by Φ is then a monomorphism

from S into TS1
. Therefore any semigroup may be embedded in a semigroup of

transformation and if S is �nite, so is the semigroup of mappings in whi
h it is

embedded.

Comment The mapping Φ does de�ned a homomorphism of S into TS but

it is not ne
essarily one-to-one. For example, if S is a left zero semigroup then

for any x ∈ S we have aρx = ax = a = ay = aρy so that ρx = ρy is always

true and the range of SΦ of Φ has only one member and so is the trivial group,

whi
h does not 
ontain a 
opy of S. This di�
ulty however does not arise with

groups (see Question 3).

2. In the 
ase where S = G is a group, we need to 
he
k that xΦ ∈ SG,

whi
h is to say that ρx is a permutation (and not just a mapping) on the base

set G. However this follows at on
e by group 
an
ellativity for if aρx = bρx we

have ax = bx and so a = b. Sin
e G = G1
we know by the argument of Question

1 that Φ is one-to-one and Φ is a homomorphism as before. Therefore we have

Cayley's theorem for groups, every group G may be embedded in the symmetri


group SG. (And again, G is �nite if and only if SG is �nite.)

3. An arbitrary mapping α on X is 
onstru
ted by making n independent


hoi
es for α(1), · · · , α(n). Hen
e |Tn| = nn
.

An arbitrary permutation α is 
onstru
ted by making n 
hoi
es for α(1),
then n − 1 for α(2) (as α is one-to-one) and so on, giving a total number of

n(n− 1) · · · 2 · 1 = n!, so that |Sn| = n!.
4.

(1 4 2)(2 1 8)(6 3 5 1) = (1 4 6 3 5)(2 8).

5.

(1 2 3)(4 1 2)−1((2 1) = (1 2 3)(2 1 4)(1 2) = (1 2 3 4).
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6.

(1 2 · · ·n) = (1 2)(1 3) · · · (1n) (7)

Sin
e ea
h permutation in SX (with X �nite) 
an be written as a produ
t of


y
les and that (7) shows that ea
h of those 
y
les 
an be written as a produ
t

of transpositions, it follows that the set of all transpositions a
ts as a generating

set of SX .

7. Now α = (3 2 4)(1 6 4) = (1 6 4 3 2). Hen
e

σ−1ασ = (2 3)(1 8 6 4)(1 6 4 3 2)(4 6 8 1)(2 3) = (2 3 4 8 6).

8. (σ(3)σ(2)σ(4))(σ(1)σ(6)σ(4)) = (2 3 6)(4 8 6) = (2 3 4 8 6), in a

ord

with Question 7.

9. We have ((σ(1)σ(3)σ(4))(σ(2)σ(5)) = (4 3 2)(1 5) so that one solution

for σ ∈ S5 is given by setting σ =
(

1 3 4 2 5
4 3 2 1 5

)

= (1 4 2).
Comment Note that we use that if C,D are two 
y
les then σ−1CDσ =

σ−1Cσσ−1Dσ, so that we 
an apply the given 
onjugation formula, whi
h is

itself easily veri�ed, to ea
h 
y
le separately. We may 
he
k our answer:

σ−1(1 3 4)(2 5)σ = (2 4 1)(1 3 4)(2 5)(1 4 2) = (1 5)(2 4 3) = (4 3 2)(1 5).

However the solution is not unique as we may write the 
y
les in any 
y
li


order before equating as we have done: in this example there will be 3× 2 = 6
permutations σ satisfying the given 
onjugation equation.

10 (i) We have an expression of the form σ−1(1 2)σ = (σ(1)σ(2)) where

σ = (1 2 · · · n)k so that, under σ we have i 7→ (i + k) (mod n). In parti
ular

(σ(1)σ(2)) = (1 + k 2 + k) (addition mod n), as required.
(ii) Any member of Sn is a produ
t of 
y
les. By Question 6, ea
h 
y
le


an be fa
tored as a produ
t of transpositions. By (i) ea
h transposition of the

form (k k + 1) 
an be written as a produ
t of the two given generator 
y
les,

(1 2 · · · n) and (1 2) so to 
omplete the proof we need to 
he
k that any arbitrary

transpostion (i j) is a produ
t of transpositions of the form (k k + 1). Without

loss, take i < j. Then a required fa
torization is given by:

(i j) = (i i+ 1)(i + 1 i+ 2) · · · (j − 1 j).

Problem Set 10

1. Let x, y ∈ An so that x and y are produ
ts of 2t and 2s transpositions and
let a ∈ Sn with a the produ
t of r transpositions. (Remember the transpositions

are a generating set for Sn by Question 6 Set 9.) Then xy is a produ
t of

2t+ 2s = 2(t+ s) transpositions, so that An is a subsemigroup of Sn. We may

write the identity mapping ε as a produ
t of zero transpositions, or as a produ
t
of two transpositions: (1 2)2 = ε; 
ertainly ε ∈ An. Finally, by writing the 2t
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transpositions whose produ
t is x in reverse order, we see that x−1
is also a

produ
t of 2t transpositions, so in parti
ular x−1 ∈ An. Therefore An ≤ Sn.

FinallyAn is 
losed under 
onjugation as zxz
−1

is a produ
t of r+2t+r = 2(r+t)
transpositions, showing that zxz−1 ∈ An. We 
on
lude that An ⊳ Sn.

2. We have the fa
torization of the general 
y
le:

(1 2 · · ·n) = (1 2)(1 3) · · · (1n)

showing that a 
y
le of length n is a produ
t of n−1 transpositions. In parti
ular
any odd 
y
le is a member of An.

3.

P (x1, x2, x3, x4) = (x1 − x2)(x1 − x3)(x2 − x4)(x2 − x3)(x2 − x4)(x3 − x4).

4.

sgn(σ) = P (x2,x5,x3,x1,x4)
P (x1,,x2,x3,x4,x5)

= (8)

(x2 − x5)(x2 − x3)(x2 − x1)(x2 − x4)(x5 − x3)(x5 − x1)(x3 − x1)(x3 − x4)(x1 − x4)

P (x1, x2, x3, x4, x5)

= (−1)n where n is the number of 
hanges of sign of the 
ommon fa
tors in the

quotient, whi
h we 
ount as 1 + 1 + 1 + 1 + 1 = 5 so that sgn(σ) = −1.
Comment We shall refer to the denominator and numerator in (7) as P and

Pσ respe
tively.

5. As observed, the same fa
tors appear in both polynomials ex
ept for a


hange of sign if i < j but xj pre
edes xi. In parti
ular the value of the quotient

is either ±1.
6. By Question 5 we have that sgn: Sn → {−1, 1}, so it remains to 
he
k

that sgn(στ) =sgn(σ)sgn(τ) for any σ, τ ∈ Sn.

sgn(στ) =
P (xσ(τ(1)) ,···,xσ(τ(n)))

P (x1,···,xn)

=
P (xτ(1), · · · , xτ(n))

P (x1, · · · , xn)
· P (xσ(τ(1)), · · · , xσ(τ(n)))

P (xτ(1), · · · , xτ(n))

= sgn(τ) · sgn(σ) =sgn(σ) · sgn(τ).
7. Consider the sign of a transposition τ = (i j) with i < j. The fa
tors that


hange sign when passing from P to Pτ are (xi−xi+1), (xi−xi+2), · · · , (xi−xj)
and (xi+1−xj), (xi+2−xj) · · · , (xj−1−xj), whi
h number (j− i)+(j−1− i) =
2(j − i) − 1, whi
h is odd so that the sign of any transposition is odd. It

follows from Question 6 that if a permutation σ is written as a produ
t of k
transpositions then sgn(σ) = (−1)k. Sin
e this number is the same for any su
h

produ
t, it follows that the parity of the number of transpositions in any su
h

produ
t is always the same for any given σ, whi
h is to say is either always even

(in whi
h 
ase σ ∈ An) or is always odd.

Comment Permutations may now be 
alled even or odd depending on whether

they are a produ
t of an even or an odd number of transpositions, without any

ambiguity.
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8. Now ker(sgn) = {σ ∈ Sn : sgn(σ) = 1} = An.

Comment It follows that |An| = 1
2 |Sn| = n!

2 and that An ⊳ Sn be
ause

[Sn : An] = 2 (Set 5, Problem 10).

9. From Question 2 we know that every 
y
le of odd length is an even

permutation (i.e. lies in An) and in parti
ular every 3-
y
le lies in An. Sin
e

any member of An is the produ
t of an even number of transpositions, it is

enough to show that the produ
t of any pair of transpositions is a produ
t of

3-
y
les. There are only two 
ases: either the transpositions in the pair are

disjoint or they are not. The �rst 
ase may be represented by the produ
t

(1 2)(3 4) = (1 2 3)(4 3 1),

a produ
t of two 3-
y
les, while the se
ond simply equals a3-
y
le as (1 2)(2 3) =
(1 3 2).

10. The alternating group A4 has order
4!
2 = 12 but does not have a subgroup

of order6. Suppose to the 
ontrary that H ≤ A4 with |H | = 6. Sin
e [A4 : H ] =
12
6 = 2, it follows that H ⊳ A4. By Question 9, A4 
ontains all the 3-
y
les
in S4, whi
h number 4 × 2 = 8 (the 4 fa
tor 
ounts the �xed point and there

are 2 
y
les possible for the three points in the 
y
le). The other elements are

the identity element and the 3 produ
ts of disjoint transpositions. Therefore H

ontains at least one 3-
y
le: without loss we take that to be α = (1 2 3) and
α2 = (1 3 2). However by 
onjugation we also have

(1 2)(3 4)(1 2 3)(1 2)(3 4) = (1 4 2) ∈ H

so that H also 
ontain (1 4 2) and its square (1 2 4). In like manner we get

(1 4)(2 3)(1 2 3)(1 4)(2 3) = (2 4 3) ∈ H

and so also (2 4 3)2 = (2 3 4) ∈ H . And similarly

(1 2)(3 4)(2 3 4)(1 2)(3 4) = (1 4 3) ∈ H

as is (1 4 3)2 = (1 3 4), giving the 
ontradi
tion that |H | ≥ 8. Therefore A4 has

no subgroup of order 6 so that the 
onverse of Lagrange's theorem is in general

false.
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