
Mathemati
s 103 Cal
ulus I

Professor Peter M. Higgins

November 29, 2019

This is the �rst of many 
al
ulus based modules. Basi
 
al
ulus is assumed,

by whi
h is meant knowledge of di�erentiation and integration of the elemen-

tary fun
tions, in
luding the trigonometri
, exponential, and logarithmi
 fun
-

tions together with the rules that allow you to 
al
ulate these. In parti
ular,

the produ
t, quotient, and 
hain rules of di�erentiation and the 
orrespond-

ing integration te
hniques, whi
h are integration by parts and integration using

substitution arise frequently. (Sin
e the quotient rule is a 
onsequen
e of the


hain rule and the produ
t rule, there is little use in learning a spe
i�
 inte-

gration te
hnique based on reversing the quotient rule.) Inverse trigonometri


fun
tions are dealt with similarly. The Fundamental theorem of 
al
ulus, whi
h

states that di�erentiation and integration are inverse pro
esses, also emerges in

the problem sets.

Standard appli
ations are also met, su
h asmaximization, related rates prob-

lems based on the 
hain rule, and area under 
urves and volumes of revolution.

In Sets 6 and 7 we introdu
e the hyperboli
 fun
tions and study their prop-

erties, identities, and their 
ontribution to 
al
ulus.

Partial fra
tions as a method used in integrating rational fun
tions (quo-

tients of polynomials) also features. In Set 9 we introdu
e the so-
alled t-
substitution, whi
h 
an be used to turn integrals involving quotients of trigono-

metri
 fun
tions into integrals of rational fun
tions.
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Problem Set 1 Di�erentiation

1. Find the derivative of y = sec2(x2).

2. By �rst taking logarithms of both sides, �nd the derivative of

y =
x2(7x− 14)

1
3

(1 + x2)4
.

3. Find the equation of the tangent to the graph of the fun
tion:

y = x3 − 5x2 + x+ 6

at the point where x = 1, giving your answer in the form ax+ by + c = 0.
4. Use impli
it di�erentiation to �nd an expression for

dy
dx

given that

5y2 + sin y = x2.

5. Find the slope of the tangent line at the point (4, 0) to the graph of

7y4 + x3y + x = 4.

6. Find

d
dx
(
ose
 (2 cot 3x)).

7. Find the derivative of

y = cos−1 x− 1√
1− x2

+
1

2x
.

(Note that cos−1 x stands for the inverse 
osine fun
tion, and not for

1
cosx .)

8. Find the derivative of y = ln( cosx
1−sin x

), simplifying your answer as far as

possible.

9. Find the 
o-ordinates of the point on the graph of f(x) = lnx
x

where the

maximum o

urs.

10. Find ne
essary and su�
ient 
onditions on a, b, c and d to ensure that

f(x) =
ax+ b

cx+ d

is a 
onstant fun
tion. [Hint: what is the derivative of a 
onstant fun
tion?℄
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Problem Set 2 Integration

1. By integrating by parts �nd

ˆ

x cosx dx.

2. Evaluate

ˆ π

4

0

tanx dx,

expressing your answer in the form alogb, where a and b are rational numbers.

3. Find

ˆ

1− x

1 + x
dx.

4. By using a suitable trigonometri
 identity �nd

´

cos 6x cos 11x dx.

5. Find

´

sec6 θ dθ by substituting u = tan θ.

6. Find

ˆ 2

1

x2
√
x− 1 dx.

(Give the answer as a non-de
imal fra
tion.)

7. By use of partial fra
tions �nd

ˆ

dx

x2 + x− 2
.

8. By use of a suitable substitution �nd

´

dx
1+ex

.

9. Use integration by parts to �nd

´

lnx dx.

10. Evaluate

ˆ π

2

0

| cos 2x| dx.

(Perhaps think of it as an area: integrating a positive fun
tion like this must

give a positive result.)
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Problem Set 3 Fun
tions

1. Find the fun
tion f(x) that satis�es the equation

f(2x+ 3) = x2 + 1.

2. Repeat Question 1 for hyperboli
 
osine fun
tion:

f(ex) = coshx =
ex + e−x

2
.

3. Show that any fun
tion over the real line 
an be written uniquely as the

sum of an even fun
tion and an odd fun
tion. What is this de
omposition in

the 
ase of the exponential fun
tion?

4. Find a linear solution f(x) to

(f ◦ f)(x) = 2x+ 1.

5. Determine all linear fun
tions f(x) = ax+ b that are self-inverse, that is

to say have the property that (f ◦ f)(x) = x.

6. Given that

f(f(x)) = x2 − x+ 1,

�nd f(0).

7. Find the equation of the inverse of the fun
tion y = ax+b
cx+d

(ad 6= bc).

8. Sket
h the graph of y = ar
os(cosx) for −2π ≤ x ≤ 2π.

9. Determine the natural domain of the fun
tion:

f(x) =
ln(2− x)

sinx+ cosx
.

10. Repeat Question 9 for f(x) = ln ln(sinx).
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Problem Set 4 Di�erentiation II

1. By �rst taking logarithms of both sides, or otherwise, �nd the derivative

of y = a−2x
, (a > 0).

2. Find from �rst prin
iples (that is to say, dire
tly from the de�nition) the

derivative of y = xn
.

3. Find the derivative of y = ar
tan

(

1
1+x2

)

.

4. Find the derivative of y = sec−1(x), the inverse se
ant fun
tion.

5. Find the 
o-ordinates of all the points on the graph of the standard normal

pdf

f(x) =
1√
2π

e−
x
2

2 ,

where the se
ond derivative is equal to zero.

6. Find the equation of the normal to the 
urve y = cosecθ at the point

where θ = π
6 .

7. Suppose that w = tanx and that x = 4t3 + t. Find dw
dt
.

8. Find tan θ, where θ is the angle made by the x-axis and the tangent of

the 
urve

y = sin 2x+ cos 4x,

when x = π
8 .

9. A right 
ir
ular 
ylinder S is ins
ribed in a right 
ir
ular 
one C, with
the bases of S and C 
on
entri
 and su
h that the volume of S is as large as

possible. Find the ratio of the volume of S to that of C.

10. Find

dy
dx

given that

y =

ˆ x

0

sin(t2) dt.
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Problem Set 5 Integration II

1. Use the identity cos 2θ = 2 cos2 θ − 1 to �nd

ˆ

dx

1 + cosx
.

2. Find

ˆ

dx

x lnx
.

3. Find a primitive (that is to say, an antiderivative) for

1
x2+6x+18 .

4. By integrating by parts twi
e, �nd

ˆ

ex cosx dx.

5. Evaluate

ˆ 1

0

a−2xdx.

6. Use integration by parts to �nd a primitive for ar
sin x.

7. Find

ˆ

sin4 x cos5 x dx

by substituting u = sinx.

8. Find

´

sin2 2x dx by invoking an appropriate trigonometri
 identity.

9. Find the volume of the solid of revolution formed by rotating the 
urve

y = 1
x
from x = 1 to ∞ about the x-axis.

10. Find

ˆ

dx

x2
√
4− x2

by using the substitution x = 2 sin θ (−π
2 < θ < π

2 ), expressing your answer as

an algebrai
 fun
tion of x.
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Problem Set 6 Hyperboli
 fun
tions I

This problem set is about the hyperboli
 fun
tions : coshx = 1
2 (e

x + e−x),

sinhx = 1
2 (e

x − e−x) and tanhx = sinh x
cosh x

.

1. Show that cosh2 x− sinh2 x = 1.

2. Show that cosh(x± y) = coshx cosh y ± sinhx sinh y

3. And similarly thatsinh(x± y) = sinhx cosh y ± coshx sinh y.

4.

tanh(x± y) =
tanhx± tanh y

1± tanhx tanh y
.

5. cosh 2x = 2 cosh2 x− 1 and sinh 2x = 2 sinhx coshx.

6. sinhx+ sinh y = 2 sinh x+y

2 cosh x+y

2 .

7.

sinh
(x

2

)

= sgn(x)
√

cosh x−1
2 .

In Questions 8-10, establish the given formula for ea
h of the inverse hyper-

boli
 fun
tions.

8.

sinh−1(x) = ln(x+
√

x2 + 1).

9.

cosh−1(x) = ln(x+
√

x2 − 1); x ≥ 1.

10.

tanh−1(x) =
1

2
ln
(1 + x

1− x

)

, |x| < 1.
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Problem Set 7 Hyperboli
 fun
tions II

1. Find the derivatives of coshx and sinhx.

2. Show that the derivative of tanhx is se
h

2x = 1/ cosh2 x.

3. Show that 1− tanh2 x = se
h

2x.

Evaluate ea
h of the following integrals by using an appropriate hyperboli


substitution, taking a ≥ 0 throughout.

4.

ˆ

dx√
a2 + x2

.

5.

ˆ

dx√
x2 − a2

.

6.

ˆ

dx

a2 − x2
, where x2 > a2.

7. Find the Taylor series about 0 for ea
h of sinhx and coshx.

8. Show that sinhx = −i sin(ix) and coshx = cos(ix).

9. Assuming the double angle formula for 
osine, show that

cos(x+ iy) = cosx cosh y − i sinhx sinh y.

10. Similarly show that

sin(x+ iy) = sinx cosh y + i cosx sinh y.

.
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Problem Set 8 Di�erentation III

1. Find the derivative of y = cot(sinx).

2. Find the derivative of y = cot−1 x, the inverse 
otangent fun
tion.

3. Find the derivative of y = xx
.

4. We are given a straight fen
e 100m in length, and we are to form a

re
tangular en
losure using an additional 200 metres of fen
ing. What should

be the dimensions of the en
losure to have maximum area?

5. Find the dimmest point between two 
andles of brightness a and b re-

spe
tively that are separated by a distan
e d.

6. A water tank, in the shape of an inverted 
one has depth 5m and radius

2m. When the depth of water is 4m, it leaks out at a rate of

1
12m

3/minute.

How fast is the level of water in the tank dropping at that time?

7. Find y′ given that

y =

ˆ

√
x

0

sin(t2) dt.

8. Find from �rst prin
iples the derivative of y = sinx.

9. Find the equations of the tangents to the 
urve y = x2
that pass through

the point (2, 0).

10. What is the derivative of y = logx a?
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Problem Set 9 Integration III

The �rst �ve questions involve the substitution t = tan
(

θ
2

)

, together with

the trigonometri
 identities sec2 x = 1 + tan2 x, and cos 2x = cos2 x− sin2 x.

1. Express cos θ as an algebrai
 fun
tion of t.

2. Express sin θ as an algebrai
 fun
tion of t.

3. Similarly express the di�erential dθ in terms of t and dt.

4. Hen
e �nd

´


ose
 θ dθ.

5. Find

´

sec θ dθ.

6. Express

1
x2(1−x) in the form

a

x
+

b

x2
+

c

x− 1
,

and hen
e �nd

´

dx
x2(1−x) .

7. Find the volume of the solid generated when the region R in the �rst

quadrant en
losed between y = x and y = x2
is revolved around the y-axis.

8. Find

´

tan2 x dx by use of an appropriate trigonometri
 identity.

9. Evaluate

ˆ 2π

0

sinmx cosnxdx,

where m,n are distin
t non-negative integers.

10. Find the integral of the inverse tan fun
tion.
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Problem Set 10 Integration IV

1. Integrate by parts twi
e to �nd

ˆ

x2e−x dx.

2. Integrate by parts twi
e to �nd

´

ex sinx dx and hen
e also �nd

ˆ

sinx

ex
dx.

3. Evaluate

´ 1

−1
sin2n+1 x dx, where n is a non-negative integer.

4. Find

´

x2

1+x2 dx.

5. Evaluate the improper integral:

ˆ 1

0

dx√
1− x

.

6. Find

ˆ

dx

sinx+ cosx
.

7. Find

ˆ

sinx

cos(1 + x)
dx.

8. Find

´

√
a2 − x2 dx by substituting x = a sin t.

9. Repeat Question 8 using the substitution x = a cos t.

10. Why do the answers to Questions 8 and 9 not 
ontradi
t ea
h other?
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Hints for Problems

Problem Set 1

1. You need to know that (secx)′ = secx tanx and then apply the Chain

Rule, very 
arefully, twi
e.

2. This may be a new te
hnique for you. The idea is to take logs of both

sides before you di�erentiate in order to break up the expression into bits that

are easy to deal with. The LHS be
omes log y whi
h, when di�erentiated gives

y′
y
(by the Chain Rule). You 
an then make y′ the subje
t of the formula and

re-write y using the original expression to get y′ entirely in terms of x.
4. The derivative of y2(x) with respe
t to x leads, by the Chain Rule, to

2yy′.
6. Use the Chain Rule and the fa
ts that the derivative of 
ose
 x is

− cotx(
ose
x) and that similarly (cotx)′ = −
ose
2x.
7. You need to know the derivative of the inverse 
osine fun
tion and how to

�nd the derivative of 2−x
; logarithmi
 di�erentiation 
an help with the latter.

Alternatively, we 
an write ax as e(lna)x
.

10. Remember that a fun
tion f(x) is 
onstant i� its derivative f ′(x) is

identi
ally zero, that is f ′(x) = 0 for ALL values of x.

Problem Set 2

2. Write tanx as sinx/
osx and substitute u = 
os x, remembering to 
hange

the limits as well.

3. When the degree of the denominator is less than or equal to that of the

numerator, divide bottom into top before pro
eeding.

4. You need to write the integrand as a sum of trigonometri
 terms that you


an then integrate separately.

8. Substitute u = 1+ ex (or u = ex), and use simple partial fra
tions to get

the answer that you may then simplify using the log laws.

Problem Set 3

1. Write y = 2x+ 3 make x the subje
t and substitute to �nd f(y).
6. First work with f(f(0)) and f(f(1)).
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Problem Set 4

4. Work with x = sec y and do not assume that tan y > 0 but rather look at

both possibilities.

9. Use similar triangles to relate the height of the 
ylinder to the dimensions

of the 
one.

10. Apply the Fundamental Theorem of Cal
ulus, whi
h says that

d
dx
(
´ x

a
f(t) dt) =

f(x).

Problem Set 5

4. Integrating by parts twi
e will yield an expression for 2I.
10. After integrating with respe
t to the new variable, use a suitable triangle

to re-write the answer in terms of the original variable of integration.

Problem Set 6

4. Use Questions 1 and 2.

5. Put y = x in suitable identities.

8. Make x the subje
t and then put u = ey to get a quadrati
 to solve in x.

Problem Set 7

4. Put x = a sinh t .
7. Substitute the exponential series in the de�niton of sinhx.
8. Work with the equations e±ix = cosx ± i sinx; adding and subtra
ting

to get expressions for cosx and sinx respe
tively. Then repla
e x by ix to get

expressions for coshx and for sinhx.

Problem Set 8

2. Invert before taking derivatives.
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3. take logs �rst.

5. Make use of the Inverse square law.

6. Use similar triangles to write the volume in terms of the height and then

apply the Chain rule.

7. Fudamental theorem of 
al
ulus and the Chain rule.

8. Two standard limits arise here: 
an use L'Hopital's rule if you don't know

them.

10. Can use (loga b)(logb a) = 1.

Problem Set 9

7. Use the formula V = π
´ b

a
(R2 − r2) dy where R and r are respe
tively the

outer and inner radii of thin washers, whi
h 
orrespond to the x−
o-ordinate
of the 
orresponding boundary point of the rotating region, written in terms of

the variable of integration, whi
h is y.

Problem Set 10

1. Integrating by parts twi
es allows a formula for 2I.
3. What is the integral of an odd fun
tion with limits of ±a?
5. Sin
e the integrand is not de�ned at the upper limit, we need to integrate

between 0 and l and take the limit of this as l → 1−.
10. Primitives (anti-derivatives) 
an di�er by a �xed 
onstant.
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Answers to the Problems

Problem Set 1

1. 4x sec2(x2) tan(x2). 2. x2(7x−14)
1
3

(1+x2)4

(

2
x
+ 1

3x−6 − 8x
1+x2

)

. 3. 6x + y − 9 =

0. 4.

2x
10y+cos y . 5. − 3yx2+1

28y3+x3 . 6. 6cosec(2 cot 3x) cot(2 cot 3x) · cosec23x. 7.
− 1√

1−x2
− x

(1−x2)
3
2

− ln 2
2x . 8. secx. 9. e−1

. 10. ad = bc .

Problem Set 2

1. x sinx+cosx+c. 2. 1
2 ln 2. 3. −x+2 ln |1+x|+c. 4. 1

4 sin 2x− 1
24 sin 12x+c.

5. tan θ+ 2
3 tan

3 θ+ 1
5 tan

5 θ+ c. 6. 184
105 . 7.

1
3 ln

∣

∣

∣

x−1
x+2

∣

∣

∣
+ c. 8. x− ln(1 + ex) + c.

9. x lnx− x+ c. 10. 1.

Problem Set 3

1. f(x) = 1
4x

2 − 3
2x + 13

4 . 2. f(x) = x2+1
2x . 3. e(x) = coshx, o(x) = sinhx.

. 4. f(x) = ±
√
2x + 1

1±
√
2
. 5. f(x) = x& f(x) = b − x 6. 1. 7. y = −dx+b

cx−a
. 9.

{x ∈ R : x < 2, x 6= 3π
4 + nπ, n ∈ Z}.10. ∅.

Problem Set 4

1. −2 ln(a) · a−2x
. 2. nxn−1

. 3. − 2x
x4+2x2+2 . 4.

1
|x|

√
x2−1

. 5. (±1, 1√
2πe

). 6.

y =
√
3
6 x + (2 −

√
3π
36 ). 7. (12t2 + 1)(sec2(4t3 + t)). 8.

√
2 − 4. 9. 4 : 9 . 10.

sin(x2).
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Problem Set 5

1. tan x
2 + c. 2. ln(lnx|. 3.

1
3 tan

−1
(

x+3
3

)

+ c. 4.

ex

2 (sinx + cosx). 5.

a2−1
2a2 lna

. 6. x sin−1 x+
√
1− x2

. 7.

sin5 x
5 − 2 sin7 x

7 + sin9 x
9 +c. 8. 1

2

(

x− sin 4c
4

)

+c.

9. π. 10. −
√
4−x2

4x + c.

Problem Set 6

1. sinhx and coshx. 4. sinh−1
(

x
a

)

. 5. cosh−1
(

x
a

)

. 6.

1
a
tanh−1

(

x
a

)

. 7.

∑∞
n=0

x2n+1

(2n+1)! . 8.
∑∞

n=0
x2n

(2n)! .

Problem Set 7

1. sinhx, coshx. 4. sinh−1
(

x
a

)

+ c. 5. cosh−1
(

x
a

)

+ c. 6. 1
a
tanh−1

(

x
a

)

+ c.

7.

∑∞
n=0

x2n

(2n)! .

Problem Set 8

1. −
ose
2(sinx) cosx.2. − 1
1+x2 . 3. xx(1 + lnx). 4. 5000m2

. 5. d
(

1 +
(

b
a

)
1
3
)−1

. 6. − 25
768π ≈ 1·036m/min . 7.

sin x
2
√
x
. 8.cosx. 9. y = 0 or y = 8(x− 2) = 8x− 16.10.

− 1
(ln a)x(log

a
x)2 .

Problem Set 9

1.

1−t2

1+t2
.2. 2t

1+t2
. 3. 2 dt

1+t2
. 4. θ ln|tan θ

2 |.5. ln
1+tan θ

2

1−tan θ

2

+ c. 6. 1
x
+ 1

x2 − 1
x−1 , .

ln
∣

∣

∣

x
x−1

∣

∣

∣
− 1

x
. 7. π

6 . 8. tanx− x. 9. 0. 10. x arctanx− 1
2 ln(1 + x2).
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Problem Set 10

1. −e−x(x2 + 2x + 2) + c. 2. c − sin x+cosx
2ex . 3. 0. 4.

´ (

1 − 1
1+x2

)

dx =

x−arctanx+c. 5. 2. 6.
√
2
2 ln | sec(x− π

4 )+tan(x− π
4 )|+c. 7. (cos 1) ln | sec(x+

1)|−(sin 1)x+c. 8. a2

2 arcsin x
a
+ x

2

√
a2 − x2+c. 9. −a2

2 arccos x
a
+ x

2

√
a2 − x2+c.
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