
Mathematis 102 Geometry & Trigonometry

Professor Peter M. Higgins

January 26, 2020

The purpose of this module is to revise elementary geometry along with

properties of the trigonometri funtions and their inverses as these will arise

ontinually throughout this degree ourse. There is a revisitation of the Eu-

lidean theorems, partiularly the Cirle theorems. Some topis however are

introdued using omplex number and matrix tehniques, whih an be very

e�etive and enlightening, giving us new ways of dealing with these familiar

funtions.

There are several partiular topis that the student may not have met before,

inluding the Theorems of Pappus for �nding volumes and areas of revolution,

the Eulerian polyhedral formula and vetor methods in geometry, inluding the

use of the salar or dot produt and the vetor or ross produt.
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Problem Set 1 Geometry

1. The lengths of the two longer sides of a right-angled triangle are respe-

tively one inh shorter and one inh longer than three times the length of the

shortest side. Find the length of the hypotenuse.

2. For the triangle of Question 1, �nd the length of the perpendiular from

the hypotenuse to the opposite vertex.

3. △ABC is suh that the midpoint M of side AB is equidistant from all

three verties. The lengths of sides AC and BC are 5 × 106 kilometres and

1.2× 107 kilometres respetively. Find the length of side AB.

4. Let P be the point (3, 4) and let L be a tangent from the unit irle

entred at the origin passing through P . Let Q be the point where L touhes

the irle. Find the length of the line segment PQ.

5. Find the distane from the point (12 ,− 2
3 ) to the nearest point that lies on

the unit irle of Question 4.

6. A able is laid around the Earth's equator (assumed to be a irle). It is

then deided that the entire able has to be raised one metre above the surfae.

By how muh will the length of the able need to be extended? Answer the

question again, this time replaing the Earth by Jupiter.

7. A quadrilateral ABCD is insribed in a irle with ∠DAB = 110◦ and

∠ABC = 40◦. Find the values of the other two angles.

8. Let AB be one side of a regular eleven sided polygon and let C be another

vertex of that polygon. Find the value of the angle ∠ACB.

9. What is the angle (in radians) between two adjaent edges of a regular

polygon with n sides?

10. Whih three regular polygons tessellate? (This means that the plane

an be tiled with idential tiles of these shapes.)
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Problem Set 2 Geometry II

1. How many edges has a regular dodeahedron?

2. What regular solid arises from the joining of the entres of the adjaent

faes of a ube?

3. What regular solid is formed by the joining of the entres of the adjaent

faes of an otahedron?

4. The midpoints of onseutive sides of a quadrilateral are A,B,C, and D

with the line through A and B having equation 4x+3y = 7 and the o-ordinates
of C being (−1,−1). Find the equation of the line through C and D.

5. Draw three irles, eah of unit radius, with eah one touhing the other

two. What is the area of the intersteres? (The shape trapped between the

irles, whih has three sides, eah of whih is an ar of one of the irles.)

6. What is the area of the largest irle that an sit inside an equilateral

triangle of side length 2?

7. Two irles of unit radius are plaed suh that the entre of one lies on

the irumferene of the other. What is the value of their overlapping area?

8. A point P (x, y) is �rst re�eted in the x-axis, and then the result of that is
re�eted in the y-axis. What single geometri transformation has P undergone?

9. For a regular n-gon, what is the value of the exterior angle formed by the

extension of one side with an adjaent side?

10. What is the sum of all the exterior angles of the n-gon of Question 9?
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Problem Set 3 Trigonometry

1(a) What is the period of the funtion

y = −9 sin(4x− π

3
)?

(b) What is the period and the maximum value of the funtion

y = 3 + 3 sin 3x cos 3x?

2. Show that

arctan 1 + arctan2 + arctan 3 = π.

3. Find all values of θ (0 ≤ θ ≤ 2π) suh that sinθ+osθ =
√
2.

4. Find the solution in the seond quadrant to the following equation, giving

your answer in radians to two deimal plaes.

sec2 x+ 5 tanx+ 2 = 0.

5. Find all values of θ suh that

sec(θ +
π

6
) = 2.

6. Without the use of alulator or tables �nd sin(aros( 9
41 )).

7. The side BC, CA, AB of a triangle ABC are of lengths x + y, x, x − y

respetively. Express cosA in terms of x and y.

8. For the triangle of Question 7, simplify the expression:

sinA− 2 sinB + sinC.

9. A triangle has sides of lengths a = 5.2, b = 3.7, and c = 7.1 units. Find,

to the nearest degree, the smallest of the triangle's angles.

10. Let AB = 10, BC = 9 and ∠CAB = 60◦. Find the two possible values

of AC.
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Problem Set 4 Trigonometry II

1. Evaluate the following expression (without expliit integration of terms)

∫ t

−t
sin(x+ π

4 ) dx
∫ t

−t
cosx dx

.

2. What is the period of the funtion y = 1− 2 tan(5x− π
4 )?

3. Use the identity:

tan(A+B) =
tanA+ tanB

1− tanA tanB

to express tan 75◦ in the form a+
√
b, where a and b are integers.

4. By using a suitable trigonometri identity, �nd the value of cos 15◦ as a

radial expression of integers.

5. Simplify arcsinx+ arccosx.

6. Express sin(cos−1 x) algebraially.

7. Find the exat value of

sin[sin−1(
2

3
) + cos−1(

1

3
)].

8. cos 20◦ cos 40◦ cos 80◦ is a rational number. Whih one?

9. What is the osine of the angle α between the faes of a regular tetrahe-

dron?

10. A polie patrol spots a trawler, The Goblin, to the north-east steaming

diretly north at 10 knots. Suspeting The Goblin of smuggling ontraband the

patrol boat sets o� at 25 knots on an intereption ourse. What is the bearing of

the veloity vetor of the polie boat? (Give your answer to the nearest degree

east of north.)
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Problem Set 5 Trigonometry III

Standard trigonometri identities Reall the Euler formula

eiθ = cos θ + i sin θ.

By taking the real and imaginary parts of both sides of the equation

e(u+v)i = euievi show that:

1. cos(u+v) = cosu cos v−sinu sin v and sin(u+v) = sinu cos v+cosu sin v.

Reall the matrix Mθ for rotating a point (x, y) (written as a olumn vetor)
through an angle θ about the origin:

Mθ =

[

cos θ − sin θ
sin θ cos θ

]

.

2. Derive the identities of Question 1 from the equality Mu+v = MuMv.

3. Use the fat that osine and sine are even and odd funtions respetively,

together with Question 1 to show that cos(u− v) = cosu cos v + sinu sin v and

that sin(u− v) = sinu cos v − cosu sin v.

4. Hene show that cos 2u = cos2 u− sin2 u = 1− 2 sin2 u = 2 cos2 u− 1 and
that sin 2u = 2 sinu cosu.

5. Show that 2 cosu cos v = cos(u + v) + cos(u− v) and also that

2 sinu sin v = cos(u− v)− cos(u + v).

6. Use previous results to show that cosx+cos y = 2 cos(x+y
2 ) cos(x−y

2 ) and

cosx− cos y = −2 sin(x+y
2 ) sin(x−y

2 ).

7. Similarly show that sinx + sin y = 2 sin(x+y
2 ) cos(x−y

2 ) and also that

sinx− sin y = 2 sin(x−y
2 ) cos(x+y

2 ).

8. Next show that

tan(u+ v) =
tanu+ tan v

1− tanu tan v
, tan(u− v) =

tanu− tan v

1 + tanu tan v
.

9. By using suitable idenitities show that

sin 15◦ =

√
6−

√
2

4
=

√

2−
√
3

2
.

10. Find

∫

sin 7x cos 8x dx.
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Problem Set 6 Periodi funtions

A funtion f : R → R has period p if p is the least positive number suh

that f(x) = f(x + p) for all x in the domain of the funtion. For example,

f(x) = sinx has period 2π.

1. Show that if f has period p then f(x) = f(x± p) for all x ∈ R.

2. Show that if f has period p then

g(x) = a+ bf(cx+ d)

(a, b, c, d ∈ R, b, c 6= 0) has period p

|c| .

3. Suppose that f has period p. Show that if for some q > 0, f(x + q) =
f(x)∀x ∈ R then q = np for some n ∈ Z

+
.

Find the periods of the following trigonometri funtions.

4. cosx and tanx.

5. 1 + 2 sec(3x− π).

6. sin2 x and tan2 x.

7. 3 sinx+ 4 cosx.

8. sin 3x cos 8x.

9. Show that if f(x) is a periodi di�erentiable funtion, then so is f ′(x).

10. Show that sin(x2) is not periodi.
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Problem Set 7 Geometry III

1. What is the volume of a regular tetrahedron of side length 1 unit?

2. For a given value of c (|c| ≥ 1), �nd the values of m suh that the line

y = mx+ c is tangent to the unit irle entred at the origin.

3. What is the minimum length for a mirror so that a person of height h

an see their full re�etion?

4. How an you, with one straight ut, slie a retangular ake into two

(equal) halves in suh a way that eah half also has an equal share of the

hoolate irle on the ake that does not neessarily lie in the middle?

5. A hord AB of a irle has length equal to the radius. Let C be another

point on the irle. What are the two possible values of ∠ACB?

6. What is the radius of the largest irle that an sit inside the �rst quadrant

of the unit irle?

7. Determine the length of a diagonal of a regular pentagon of side length

one unit as a radial expression of positive integers.

8. Let A,B and C be three verties of a ube with BA and BC eah a

diagonal of a fae. What is the angle ∠ABC?

9. What is the area of the ellipse with equation

(x+ 1)2

9
+

(y + 1)2

49
= 1?

10. For any onvex polyhedron, the number of verties V , edges E, and faes

F satis�es the formula of Euler V −E + F = 2. Verify this formula for the �ve

regular solids : the tetrahedron, the ube, the otahedron, the dodeahedron,

and the iosahedron.
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Problem Set 8 Vetors

1. Find, to the nearest degree, the angle between the vetors, i−2j+4k and

−6i+3j−k.

2. Find the o-ordinates of the vertex D of the parallelogram ABCD if A is

at (−1, 2), B is at (3, 4), and C is at (0,−6).

3. Let u = 2i −j +3k and a = 4i −j +2k. Find the vetor omponent of u

along a.

4. Find the omponent of u orthogonal (i.e. perpendiular) to a, for the

vetors of Question 3.

5. Find, to the nearest degree, the angle between the diagonal of a ube and

one of its edges.

6. Find the equation of the line through the two points A = (−1,−2, 2) and
B = (1, 7, 11), giving your answer in vetor form r = a +bt.

7. Answer the previous question, this time giving your answer in the form:

x− x0

a
=

y − y0

b
=

z − z0

c
.

8. Find the equation of the plane that ontains the point (−1,−2, 5) and is

normal to the vetor n = 5i+ 3j−8k.

9. Calulate a× b, where a =(1, 7, 2) and b=(−1, 2, 5).

10. Find a unit vetor perpendiular to both the vetors a = i + j+ k and

b = i− j+ k.
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Problem Set 9 Vetors II

1. Find the vetor x =(x, y, z) suh that a · x = −2, b · x =17 and c · x =−7,
where a =(0,−1, 4), b =(1, 2, 3) and c =(−1,−1, 1).

2. Diretion osines Show that if v = ai+bj+ck is a vetor, then

a
|v| = cosα,

where α is the angle between v and the x-axis (and similarly for the other two

axes). Moreover, the sum of the squares of these so-alled diretion osines is 1.

3. Find a vetor perpendiular to the plane of P (1,−1, 0), Q(2, 1,−1) and
R(−1, 1, 2) and give the equation of the plane in artesian form.

4. Find the area of the triangle with verties A = (2, 2, 0), B = (−1, 0, 2),
and C = (0, 4, 3).

5. Find the distane of the point (2, 2, 2) to the plane x− y + 4z = 9.

6. Find the equation of the plane ontaining the three points (2, 4, 1),
(−1, 0, 1) and (8, 2,−5).

7. Find the equation of the plane that passes through the points (1, 1, 1)
and (2, 0, 3) and whih meets the plane x+ 2y − 3z = 0 at right angles.

8. Verify the determinant formula:

u× v =

∣

∣

∣

∣

∣

∣

i j k

u1 u2 u3

v1 v2 v3

∣

∣

∣

∣

∣

∣

.

9. Verify the formula for the salar triple produt :

u•(v ×w) =

∣

∣

∣

∣

∣

∣

u1 u2 u3

v1 v2 v3
w1 w2 w3

∣

∣

∣

∣

∣

∣

.

10. Use the result in Question 9 to �nd the volume of the box (parallelpiped)

the sides of whih are determined by the vetors a = i+j − k, b =2i−j and

c = −i+ 4j+ k.
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Problem Set 10 Geometry IV

1. Find the line through the point (3, 4, 1) parallel to the line x = 1 + 3t,
y = −t, z = 1, expressing it with the parameter t eliminated.

2. Find the minimum distane between the solution line of Question 1 and

the line given by x = −2t, y = 1 + t and z = 3 + 2t.

3. Find the parametri equation for the line of intersetion of the planes

x+ y + z = 0 and 2x− y + 4z = 5.

4. Eliminate the parameter in Question 3 to give the non-parametri equa-

tion of the line of the two planes.

5. What is the distane of the point (2, 0,−3) to the line r = i+ (1 + 3t)j−
(3− 4t)k?

First Theorem of Pappus (a. 400 AD). The volume of revolution generated

by rotating a plane area A around an axis outside of A equals the area of A

multiplied by the distane travelled by it entre of mass (the point on whih it

ould rest and be in balane).

6. Use Pappus to �nd the volume of a torus (doughnut shape) formed by

rotating a irle of radius r around a line a distane d ≥ r from the entre of

the irle.

7. Use Pappus in reverse to �nd the entre of mass of a solid semi-irle by

onsidering the volume generated when the semi-irle is spun around its own

diameter.

Seond Theorem of Pappus The surfae area of a volume of revolution equals

the perimeter times the distane travelled by the entroid of the perimeter urve.

8. Find the surfae area of a torus of irular radius r, the entre of whih

is a distane d ≥ r from its axis.

9. Use the theorem in reverse to �nd the entroid of a semi-irular wire of

radius r by onsidering the orresponding sphere.

10. Similarly �nd the surfae area of a one of height h and irular radius

r by onsidering the one as the surfae generated when a straight line from its

apex to its base revolves around the axis of the one.
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Hints for Problems

Problem Set 1

1 & 2. Draw a deent diagram and for Question 2, exploit that the area of

a triangle is half base times height.

3. You need the fat that the angle in a semiirle is a right-angle. Can you

see why?

4. Here you use the fat that a tangent to a irle meets the radius at right

angles.

6. Work with a symbol for the unknown radius and see what happens.

7. Opposite angles in a onyli quadrilateral sum to 180◦.
8. The angle at the irumferene standing on a hord of a irle is half that

at the entre.

Problem Set 2

4. Remember that the midpoints of the sides of any quadrilateral form a

parallelogram.

Problem Set 3

3. Write the right hand side in the form ros(x− a) and then solve.

4. Use a standard trig identity to onvert this to a quadrati equation; then

remember where the 2nd quadrant is.

6. Draw a right triangle with sides of length 9 and 41 so that cosx = 9
41

for an aute angle x of the triangle. Then use Pythagoras and the de�nition of

sinx to give the answer (you won't need a alulator).

7. Use the Cosine Rule.

8. And now the Sine Rule.

Problem Set 4

1. Expand the integrand of the numerator and use the fat that sine is an
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odd funtion.

6. Put θ = cos−1 x and draw a suitable triangle.

7. Expand and use Question 6.

8. Multiply the expression by sin 20◦ and then use a suitable trig identity

repeatedly.

10. You do not know the separation of the vessels but let t be the time till

intereption and draw a suitable distane and diretion diagram.

Problem Set 5

9. Use identity (3).

10. Apply identity (7).

Problem Set 6

7. Having identi�ed the period p, you need to show that p is the least positive

number that is a solution to the periodiity equation.

9. Need to go bak to the de�nition of derivative here.

10. Make use of Question 9.

Problem Set 7

1. The volume of a pyramid is

1
3 base times height. Also you an make use

of the result of Question 9 on Sheet 2.

2. Use the fat that the equation desribing the intersetion of tangent and

irle has exatly one root. Alternatively, the tangent meets the radius line at

the ontat point at right angles.

5. The angle standing on a hord at the entre of the irle is twie that at

the irumferene.

6. The ommon tangent to the irles is at right angles to their radii.

7. Look for similar triangles in the diagram and you will not need trigonom-

etry.

9. Area of an ellipse is πab.
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Problem Set 8

1. Remember your dot produts: if x is the angle and u and v are the

vetors involved then cosx = u·v
|u| |v| .

2. There is a little trap here: draw a good piture and make sure that you

work with ABCD and not ADBC, whih is the temptation.

3 & 4. Here you are asked to �nd the projetion of u in the diretion of a

(whose value is the dot produt of u with the unit vetor in the diretion of a)

and Question 4 an then be solved by subtration. This task of resolution of a

vetor into parallel and orthogonal omponents is basi to all of mehanis.

8. The entries in the normal vetor orrespond to the respetive oe�ients

of x, y, and z in the equation of the plane.

9 & 10 Are question involving the ross-produt of two vetors.

Problem Set 9

1. Solve the orresponding set of 3× 3 linear equations.

3. Think in terms of ross-produts.

4. One way to do it is to use the ross-produt formula: A = 1
2 |AB×AC|.

5. The required distane d is given by |(r0 − r1) • n| where r0 is the given

point, r1 is any point in the plane and n is a unit normal vetor the plane.

6. Use a ross-produt to �nd the oe�ients of the variables for the equation

of the plane.

10. The answer is, up to sign, the determinant of the array with rows a, b,

and c.

Problem Set 10

2. For two skew lines x = a+ tb and y = c+ sd (t, s ∈ R), their minimum
separation is given by d = |n•(c− a)| where n = b×d

|b×d| .

3. Take the ross-produt of the normals to the planes.

5. Find a vetor to the given point from a point on the line, then projet

that vetor onto the diretion of the line. Now write down a normal vetor from

the line through the given point and then �nd its length.
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Answers to the Problems

Problem Set 1

1. 35. 2. 11 · 35. 3. |AB| = 1.3 × 107km. 4. 2
√
6. 5. 5

6 . 6. 2πmetres. 7.

140◦. 8. π
11 . 9.

(

n−2
n

)

π. 10. Triangle, square, and hexagon.

Problem Set 2

1. 30. 2. otahedron. 3. ube. 4. 4x + 3y + 7 = 0. 5.

√
3 − π

2 . 6.

π
3 . 7.

4π−3
√
3

6 . 8. 180◦ rotation about the origin. 9.

2π
n
. 10. 2π.

Problem Set 3

1.

π
2 . 2.

π
3 ,

9
2 . 3.

π
4 . 4. 2.53 and 1.80. 5.θ = 2nπ + π

6 , or 2nπ − π
2 (n ∈ Z).

6.

40
41 . 7.

x−4y
2(x−y) . 8. 0. 9. 30

◦
. 10. 5±

√
6 .

Problem Set 4

1.

1√
2
. 2.

π
5 . 3. 2 +

√
3. 4.

√
6+

√
2

4 . 5.

π
2 . 6.

√
1− x2

. 7.

2(1+
√
10)

9 . 8.

1
8 . 9.

1
3 . 10. 29

◦
.

Problem Set 5

9.

√
2
2

(

√
3
2 − 1

2

)

=
√
6−

√
2

4 . 10. 1
2 cosx− 1

30 cos 15x.
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Problem Set 6

4. 2π, 2π. 5. 2π
3 . 6. π 7. 2π. 8. π

3 .

Problem Set 7

1.

√
2

12 . 2. ±
√
c2 − 1. 3. h

2 . 5. 30◦, 150◦. 6.
√
2 − 1. 7. 1+

√
5

2 . 8. 60◦ . 9.

21π .

Problem Set 8

1. 121◦. 2. (−4,−8) . 3.

20
7 i−5

7 j+
10
7 k. 4. − 6

7 i−2
7 j +

11
7 k. 5. 55◦ . 6.

a = −i−2j+2k and b =2i+9j+9k. 7. x+1
2 = y+2

9 = z−2
9 . 8. 5x+ 3y − 8z + 51 = 0.9.

(31,−7, 9). 10. u = 1
2
√
2
(2i− 2k) =

√
2
2 (i− k).

Problem Set 9

1. (2, 6, 1). 3. 6i+6k. 4. −10i+5j−10k. 5.

15
2 . 6. 4x − 3y + 5z = 1. 7.

−x+ 5y + 3z = 7. 10. −10.

Problem Set 10

1.

x−3
3 = 4−y, z = 1 . 2. 14

9 3. r = (5t,−1−2t, 1−3t) . 4. x
5 = y+1

−2 = z−1
−3 .

5.

√
41
5 . 6. 2π2r2d. 7. 4r

3π . 8. 4π
2rd . 9.

2r
π
. 10. πr

√
r2 + h2

.
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