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This module on lassial mehanis follows on and presumes the ontent of

MA108 Mehanis. The entral theme is that of rotating bodies and so we see

in Sets 1 and 2 the fous is on problems involving the entre of mass and the

moment of inertia of a system of partiles and of a rigid body in two and three

dimensions, inluding the Perpendiular and Parallel axis theorems. Sets 3 and

4 are based on energy and work onsiderations related to moments of inertia and

feature standard problems involving the motion of masses on inlined planes,

over pulley systems and the torque that results within systems subjeted to

external fores. Set 5 features questions involving both the stati and kineti

oe�ient of frition when fores are in play on objets moving over rough

surfaes.

In the latter half of the module we introdue some new tehniques apart from

our standard approahes of the use of Newton's laws and Conservation of energy.

Set 6 alls upon the tehnique of Virtual work to resolve fores on systems in

equilibrium. Just as fore is the rate of hange of linear momentum, torque is

the time derivative of angular momentum and these onepts are the work of

Set 7. The Euler-Lagrange equation is introdued in Set 8 as an alternative

to the Newtonian sheme in mehanis questions. Sets 9 and 10 have as their

subjet rotating frames of referene. Coriolis fores are explored in Set 9 while

in Set 10 we return to the topi of entral fores.
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Problem Set 1: Centre of Mass and Moment of Inertia

The entre of mass of a body that onsists of point masses mi with position

vetors ri is
∑

i miri∑
p mi

. The following fats are framed for ontinuous bodies and

so ome in integral notation. Disrete ounterparts are expressed in summation

notation. The (�rst) moment of a lamina R with density δ(x, y) about the

x-axis is Mx =
∫ ∫

R
yδ(x, y) dA; the entre of mass lies at (x, y) =

(My

M
, Mx

M

)

,

where M =
∫ ∫

R
δ(x, y) dA.

For a uniform lamina de�ned as the area above the interval [a, b] and below

the graph of y = f(x) the required oordinates are x =
∫

b

a
xy dx

∫
b

a
y dx

, y =
∫

b

a
1

2
y2 dx

∫
b

a
y dx

.

The seond moment, also known as the Moment of inertia about the x-axis

is Ix =
∫ ∫

R
y2δ(x, y) dA and about the origin is I0 = Ix + Iy. The radius of

gyration about the x-axis is Rx =
√

Ix
M

and about the origin R0 =
√

I0
M
. The

�rst moments for a massM in a regionR of 3-spae about oordinate planes have

the form Myz =
∫ ∫ ∫

R
xδ dV ; Centre of mass : (x, y, z) = 1

M
(Myz,Mzx,Mxy).

Ix =
∫ ∫ ∫

R
(y2 + z2)δ dV .

1. Find x for a disrete set of point masses {mk} eah at position xk with

respet to the origin O by equating the �rst moment about x to zero.

2. Find the entre of mass of four points oupying the orners of a square of

side length a, the ontaining masses of whih, listed anti-lokwise are 2, 3, 6, 5.
Take the origin at the point of mass 2 and the x- and y-axes in the diretion of

the masses 3 and 6.

3(a) Consider an objet to be made up of two disjoint sets of point masses

A and B with x-oordinates of the respetive entres of mass xA and xB. Let

MA and MB be their respetive masses. Show that

x =
MAxA +MBxB

M
,

where M is the total mass of the body and x is the x-oordinate of its entre of

mass.

(b) Find the entre of mass of an L shape with verties positioned at

(0, 11), ((0, 0), (5, 0), (5, 1), (1, 1), (1, 11).

4. Find the entre of mass of a right triangle with shorter sides of lengths a

and b using the double integral approah.

5. Solve Question 4 use the alternative single-integral approah.

6. Find the entre of mass of a semi-irular uniform lamina of radius a.

7. Find the entre of mass of a thin plate of density δ de�ned by the parabola

y = 4− x2
and the x-axis.
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8. Repeat Question 7 with the density funtion given by δ(x, y) = 2x2
.

Consider the triangular lamina bounded by the x-axis, the lines x = 1 and

y = 2x with density δ(x, y) = 6x+ 6y + 6.

9. Find the plate's mass M , its �rst moments Mx and My, and its entre of

mass.

10. Find the moments of inertia Ix and Iy and radii of gyration about the

oordinate axes.
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Problem Set 2: Moment of inertia additive theorems

1. Find the entroid (entre of mass of a uniform lamina) of the region in

the �rst quadrant bounded above by the line y = x and below by the urve

y = x2
.

2. Find Ix for the regular solid uboid of unit density with respetive di-

mensions a, b, and c taking the origin as the entre of the blok.

3. Find the entre of mass of the solid of unit density bounded by the

dis x2 + y2 ≤ 4 in the plane z = 0 and bounded above by the parabaloid

z = 4− x2 − y2.

4. Perpendiular axis theorem Consider a rigid objet that lies entirely

within the xy-plane and let Ix, Iy , and Iz denote the respetive moments of

inertia of the body around eah of the oordinate axes. Show that

Iz = Ix + Iy.

5. Parallel axis theorem Show that if a body of mass m rotates about an

axis z′ displaed a distane d from an axis z through the entre of gravity of

the body then its moment of inertia is inreased by md2.

Find the moments of inertia of these objets about the given axis in terms

of their mass m and other relevant parameters.

6(a) A thin rod with ross-setion s, density ρ, length l about an axis through

its entre of mass and perpendiular to its length.

(b) Use the parallel axis theorem to �nd the moment of inertia of the rod

about an axis perpendiular to the rod and through an endpoint of the rod.

7. Consider a ylinder of radius R, length l and mass m. Find I about an

axis:

(a) through its entre and parallel to its length;

(b) through a diameter of one of the irular faes;

() through the entre of the ylinder perpendiular to its length.

8. Find I for a uniform retangular sheet in the xy-plane with sides a and b

respetively and with entre at the origin:

(a) along the x-axis;

(b) through the edge parallel to the x-axis.

9. Continue Question 8 with axis:

(a) through the entre perpendiular to the plane;

(b) through a orner with axis perpendiular to the plane;

() through the entre of an edge parallel to the x-axis and perpendiular to

the plane.

10. A solid one of height h and base radius R with axis through its apex

and perpendiular to its base.
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Problem Set 3: Moments and Energy

1(a) Find the moment of inertia of a uniform sphere of density ρ and radius

R about an axis through its entre.

(b) Use the result of part (a) to write down the moment of inertia of a partly

hollow sphere of mass m, inner radius R2 and radius R = R1.

2. Find the moment of inertia of a thin spherial shell of mass m and radius

R by writing R = R2 + r in Question 1 and take the limit as r → 0.

The energy E of a body rotating about an axis through its entre of mass

with angular veloity ω is given by E = 1
2Iω

2
, where I is the moment of inertia

about the given axis.

3(a) Explain the previous statement for a system of disrete partiles.

(b) By using integral notation, show this for a solid body.

4. Find the veloity of a sphere of uniform density with mass m and radius

R after it has rolled down an inlined plane a vertial distane of h.

5. Repeat Question 4 with a thin spherial shell of the same mass and radius.

6(a) Repeat Question 4 for the ylinder of radius R, length l and mass m.

(b) What would be the result of a rolling rae between the uniform sphere,

spherial shell, and ylinder, all of the same mass and radius?

7. A thin hoop of radius R rolls down a hill with total drop of h. How fast

will the hoop be moving when it reahes the bottom?

8. Show that in polar o-ordinates the entroid of a uniform region R are:

x =
1

area of R

∫ ∫

R

r2 cos θ dθ, y =
1

area of R

∫ ∫

R

r2 sin θ dθ.

9. Find the entroid of the region enlosed by the ardiod r = a(1 + sin θ).

10. As in Question 9 but now work on the petal of the rose, r = sin 2θ that

lies in the �rst quadrant.
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Problem Set 4: Torque and work

1. A torque of 50Nm is applied to a wheel ausing it to rotate 60 times in

12 seonds. Find the work done by the torque and the mean power produed

by the torque over the time period.

2. A dis pulley of massM is mounted on a vertial wall with entre at height

h above the ground. A mass m hangs from a light string wrapped around the

pulley. The mass is allowed to fall from height h.

(a) Use the angular aeleration formula τ = Iα, where α is the angular

aeleration, to �nd the tension T in the string as the mass falls in terms of a,

the aeleration of the falling mass.

(b) Find the aeleration of the falling mass, showing it is onstant.

() At what speed does the falling mass strike the ground?

3. Solve part () of Question 2 diretly using Conservation of energy onsid-

erations.

4. Two masses, m1 and m2 are joined by a light string that passes over a

dis pulley of mass M and radius R. The mass m1 lies on a smooth horizontal

surfae at the same level as the top of the pulley. The seond mass, whih hangs

down from the pulley, is then released and falls under gravity.

(a) Find the tensions T1 and T2 between the respetive masses and the pulley.

(b) Find the ommon aeleration a of the two masses.

5(a) Repeat Question 4 but this time allow for a oe�ient of frition µ

retarding the motion ofm1 and with the surfae underm1 being a plane inlined

at an angle θ to the horizontal.

(b) Find the relative values of m2 and m1 under whih the system will be

in equilibrium.

6. A solid ylinder of radius R and mass m rolls down a plane inlined at

angle θ where the oe�ient of frition is µ.

(a) Use Newton's law to �nd the aeleration of the ylinder in terms of θ

and µ;

(b) Use the equation τ = Iα to express µ in terms of θ and a;

() Hene �nd a as a funtion of θ.

(d) Find the maximum value of θ whih allows the ylinder to roll (without

any sliding) down the slope.

7. A uniform beam of length L is attahed to a rope at a distane a from

the left hand end of the beam. A mass m hangs from the right hand end of the

beam, whih is then in stable equilibrium. Find the mass of the beam.

8. A yo-yo an be onsidered as a dis of radius R and mass m. However

the string ats on an inner ylinder of radius r ≤ R.

(a) Find the aeleration of the freely desending yo-yo.
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(b) What value of r yields the maximum aeleration possible, and what is

the value of that aeleration?

9. A horizontal plank of length L is supported at its endpoints, A and B.

A mass m is plaed at a distane a from A. By onsidering the the resulting

torques at A and B due to the weight of m, �nd the normal reation fores RA

and RB at A and B respetively by onsidering the net torque at eah of A and

B.

10. A piston moves in a vertial shaft. The shaft is a horizontal distane

d from a point A where a beam is hinged. The beam has a movable sleeve on

it, whih is attahed to the piston so that motion of the beam as it pivots at

A allows the sleeve to push the piston up and down in the shaft. Let the angle

between the beam and the vertial be denoted by θ.

A moment of M is applied at A ating to lift the beam while a fore P ats

diretly down on the piston. Show that to maintain equilibrium requires that

the value of the moment satis�es:

M =
Pd

sin2 θ
.
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Problem Set 5: Coe�ient of frition problems

1. A blok weighing 100N is pushed along a surfae. If it takes 40N to get

the blok moving and 20N to keep the blok moving at a onstant veloity, what

are the oe�ients of frition µs (stati) and µk (kineti) µk?

2. A ar of mass 1200kg is travelling at 20m/se when it brakes and skids

to a stop. The oe�ient of frition between the tyres and road is 0 · 8. Find:
(a) the deeleration of the ar;

(b) the distane travelled by the ar before oming to rest;

() the time taken for all this to happen.

3. A body of massm rests on a horizontal surfae whose oe�ient of frition

is µs = µk = µ. A fore F is applied at an angle of θ above the horizontal away

from the surfae (upward). Find:

(a) the aeleration a of mass;

(b) the maximum fore F that may be applied so that the mass will remain

at rest.

4. Two masses m and M are onneted by a light string over a pulley. Mass

M is on a level surfae with oe�ient of frition µs = µk = µ while m is free

to fall apart from the support of the tension in the string. Find:

(a) the ommon aeleration of the masses, stating under what onditions

the system is set in motion.

(b) the oe�ient of frition µ if M = 5kg, m = 1kg and the speed of the

masses is onstant.

5. Repeat Question 4(a) but now with the mass M being pulled up a slope

at an angle of θ to the horizontal:

(a) in the ase of upward aeleration of M ;

(b) in the ase of downward aeleration of M .

6. For the system of Question 5, determine the aeleration and the motion

diretion if M = 4kg, m = 2kg, θ = 45◦ and the oe�ient of frition oe�ient

is 0 · 1.
7. A light string with one end �xed to a horizontal plane supports a movable

pulley (below the plane), from whih hangs a mass m1. The string then passes

over a �xed pulley (above the height of the �rst) and the other end of the string

hangs over the seond pulley, supporting a mass m2.

(a) Write down equations of motion for eah mass;

(b) Write down an equation that relates to the two aelerations a1 and a2
of the respetive masses.

() Solve these three equations for eah of the unknowns a1, a2, and T , the

tension in the string.

8. (a) Consider a system of two massless pulleys where a �xed pulley P1

(suspended by a string from the eiling) supports by a string S1 a mass m1 on
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the left and on the right supports another pulley P2. The movable pulley P2 in

turn supports masses m2 and m3 on its left and right by a separate string S2.

Write down �ve equations for the �ve unknowns, a1, a2, a3 of aelerations

of the masses mi and tensions T1 and T2 in the respetive strings S1 and S2.

(b) Set up a 3× 3 matrix equation in the unknowns a1, a2, and T2.

9(a) Solve the equation system of 8(b) using Cramer's rule.

(b) Give the full solution set for the problem of Question 8.

() What is the result if all three masses equal a ommon value of m?

10. Three masses m1,m2,m3 are joined, in that order by light ropes and

the trio of masses is towed by a horizontal fore F applied to m3 along a plane

with oe�ient of frition µk = µ.

(a) Find the aeleration a of the trio of masses;

(b) Find the tensions T1 and T2 in the ropes joining m1 to m2 and m2 to

m3 respetively.
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Problem Set 6: Virtual Work

Priniple of virtual work The total work done by all the external ative fores

(fores with a non-zero omponent in the diretion of the virtual displaement)

and torques on an ideal mehanial system in equilibrium is zero for all virtual

displaements onsistent with the onstraints of the system. This is written as

δU = 0. The sum δU will onsist of terms of the form

−→
F • −→

δr, where
−→
F is a

fore ating at a point that undergoes an inremental vetor displaement

−→
δr,

and moment terms.

1. Solve Question 9 Set 4 using the Priniple of virtual work by onsidering

the virtual work done by a small upward displaement δy of the platform and

equating the sum of the work done by the ative fores to 0.

2. Again solve Question 1, this time by onsidering the virtual work done

by a torque ating at point A raising the platform through a small angle δθ.

3. Two light struts of equal length L are joined at their endpoints allowing

them to pivot freely at this ommon point P . The other ends of the struts are

�xed below the level of the pivot on the horizontal ground at points A and B

respetively. The angle between the struts is 2θ. A fore F pushes downwards

at P .

(a) Let y denote the vertial oordinate of the joint P where F ats and let

x = AB. Express y and x in terms of θ and L and �nd the expressions for the

virtual displaements δy and δx in terms of δθ.

(b) Use the Priniple of virtual work to �nd the fore BX ating at B on

the strut �xed with endpoint B.

4. The mehanial e�ieny of a system is the ratio

e =
work output

work input

.

Show that (in the absene of frition) for the system of Question 3 the e�ieny

is 100% by verifying that the ratio

Rδx
F δy

= 1.

5. Repeat Question 4 but now allow for the a non-zero oe�ient of frition

µ.

(a) Show that the fritional fore ating opposite the horizontal omponent

of F ating through the right hand strut is given by

1
2Fµ.

(b) Find the magnitude BX of the resistane fore in these irumstanes;

() Show that in this ase

e = 1− µ cot θ.

(d) Comment on this result in the ase of small θ (so the right hand side

gives a negative number).

6. Solve Question 10 of Set 4 as follows:
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(a) Express y in terms of θ and the virtual displaement δy in terms of δθ;

(b) Find the total virtual work done by the fores;

() Solve for the unknown torque M by equating the virtual work to zero.

7. Two rods AB and BC, eah of length l and mass m, are joined and

may pivot at their ommon point B below the horizontal AC. The point C is

onstrained to move only along a horizontal trak while A is �xed at the same

level. A fore F ats at the midpoint P of BC in the (horizontal) diretion of

AC. Let the angle between the rods be denoted by θ.

(a) How many degrees of freedom are there for this system?

(b) Let x be the horizontal oordinate with positive diretion from A to

C. Express xP , the x-oordinate of the point P where F ats, and the virtual

displaement δx, in terms of θ and δθ.

() Set the virtual work done by the ative fores to zero in order to �nd the

value of F that prevents the rods from ollapsing together.

8. A spring is �xed at a point A with C the free moving end of the spring.

The spring is onstrained to move in a vertial slot. A pair of arms, eah of

length l, have their ends at A and C respetively with the arms attahed to

eah other at their ommon endpoint B about whih they are free to pivot. A

fore P ats downwards at the join of the arms at B. Let θ denote the angle

between the horizontal and the upper arm AB. The unstrethed length of the

spring is h and the spring onstant is k. Let yC be the vertial oordinate of C

measured from A.

(a) Determine the expression for yC and yB and �nd the spring fore for

equilibrium position of the system;

(b) Express the total virtual work done by the ative fores;

() Use the Priniple of virtual work to determine θ in terms of P, h, k, and

l for the system in equilibrium.

9. A massm is plaed on a horizontal platform at height h above the ground.

The platform is supported by two struts of length 2b both inlined at an angle

θ to the horizontal and leaning to the right (so θ < 90◦). The struts are free to
pivot about their bases so in order to prevent ollapse a hydrauli jak supports

the right strut at its entre with the base of the jak a distane L from the base

point of the right strut. Find the fore F exerted by the jak that will maintain

the system in equilibrium.

10. A beam AB has length 5m has a fore in the diretion DC of 20N
applied at the point C, whih is 3m from A with ∠DCB = 60◦. A light upright

beam EA of length 6m is mounted at A and a fore of 8N is applied at E at an

angle 45◦ upward and to the left.

(a) Find the vertial reation fore RB at B by onsidering the virtual work

that results from a small rotation δθ at A.

(b) Then �nd RA from your answer to (a) and Newton's law.
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Problem Set 7: Angular momentum

1. Given that the work done in moving a mass m from an initial position i

to �nal position f in the presene of a fore vetor F is given by

Wi,f =

∫ f

i

F • dr

Show that

= m

∫ f(v)

i(v)

v•dv =
1

2
m(v2f − v2i );

where vi and vf denote the magnitudes of the initial and �nal veloities respe-

tively.

2. The angular momentum of a moving body and the torque (rotational

fore) ating on a body are respetively given by:

L = r × p, D = r × F

where p denotes the momentum vetor of the body. Show that L̇ = D.

Question 3 and 5-7 onern the simple pendulum: onsider a pendulum

mounted at a fritionless pivot P onsisting of a light rod of length l and a bob

of mass m that is swinging freely.

3(a) Working in terms of radial and angular oordinates with origin P and

x-axis direted downwards from P show that the torque vetor of the system is

given by:

τ = −mgl sin θk,

where θ is the angular displaement of the rod from the vertial.

(b) By means of the equation τ = Iα, where α denotes the angular aeler-

ation, show that θ satis�es the di�erential equation:

θ̈ + gl sin θ = 0.

() Derive the same equation using the general formula for aeleration in

polar and transverse omponents:

a = (r̈ − rθ̇2)r̂ + (rθ̈ + 2ṙθ̇)θ̂.

4(a) Show that the radial and transverse omponents of veloity and of

aeleration ome from di�erentating x = r cos θ with respet to time and setting

θ = 0 and θ = 3π
2 respetively. Explain why this happens.

(b) Show that the transverse omponent of aeleration may also be ex-

pressed as:

1

r

d

dt

(

r2θ̇
)

.
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5. (a) For small angles θ we may approximate sin θ by θ in the di�erential

equation of Question 3(b). By doing this, �nd the general solution for θ(t).
(b) Find the partiular solution if the pendulum starts from rest at an intial

angle of θ0.

() Find the period T of the pendulum.

6. Use the vetor triple produt and the equation v = r × ω to derive the

equation L = mr2ω from the de�nition L = r × p of the angular momentum

vetor L of a partile, where r and v are respetively the position and veloity

vetors of the partile.

7(a) A bob is swung vertially on a light string of length l. Find the minimum

value of the angular veloity ω at the bottom of the swing that will ensure the

bob swings through a omplete irle.

(b) Repeat part (a) with the string replaed by a light rod.

8. A thin uniform rod AB of length 2a rotates freely about a horizontal axis

through A. The rod is released from the horizontal.

(a) By di�erentiating the Conservation of energy equation, show that aθ̈ =
3
4 cos θ, where the angle θ is measured from the horizontal.

(b) Find the omponents of fore along and perpendiular to the rod applied

at A by the hinge on the rod when the rod has fallen through an angle of θ.

9. A thin uniform rod AB stands on its end A and then topples over. It

begins to slip after it has rotated through 30◦. Find the value of µ, the oe�ient

of frition between the rod and the surfae.

10. A door of width 2a and mass m swings freely on a smooth vertial hinge

until in meets a door stop. How far from the axis of the door should the door

stop be plaed so that the impulse along the door hinge that results from impat

is zero?
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Problem Set 8: Euler-Lagrange equation

The quantity L is the di�erene L = T − V of the kineti energy T and

potential energy V of the system. We express L, the Lagrangian, as a funtion

of n generalised oordinates, together with their time derivatives and time itself:

L(q1, · · · , qn, q̇1, · · · , q̇n, t). We solve the problem using the fat that L then

satis�es the Euler-Lagrange equation of motion:

d

dt

( ∂L

∂q̇i

)

=
∂L

∂qi
.

1. A tube rotates in the xy-plane with onstant angular veloity ω. The

tube ontains a sphere of mass m.

(a) What is the number of degrees of freedom of the problem?

(b) Write down the Lagrangian for this system;

() Using r, the radial oordinate of the sphere as a generalized oordinate,

express L in terms of r, ω, and m.

2. Solve the Euler-Lagrange equation for the system of Question 1.

3. A partile moves without frition on a yloidi path:

x(θ) = a(θ − sin θ), y(θ) = a(θ + cos θ), θ ∈ [0, 2π].

(a) Find the Lagrangian of the system;

(b) Find the Euler-Lagrange equation.

4. Show that the Euler-Lagrange equation of Question 3 may be written as:

θ̈ +
1

2
cot(

θ

2
)θ̇2 − g

2a
cot(

θ

2
) = 0.

5. Solve the equation in Question 4 by use of the substitution:u = cot( θ2 ).

6. A pendulum onsisting of a light rod of length l and a bob of mass m

swings about it support point. Show that the angle between the rod and the

vertial is governed by the equation:

θ̈ +
g

l
sin θ = 0

(a) by Newtonian analysis of fores;

(b) by use of the Euler-Lagrange equation.

7. A bead of mass m is free to slide around a fritionless hoop of radius R,

whih is itself rotating about the vertial axis with onstant angular veloity ω.

(a) Write down two holomoni onstraints for this system, showing there is

one degree of freedom for the problem.

(b) Using the angle θ between the radius of the hoop to the bead and the

z-axis, write ẋ, ẏ, and ż in terms of θ and R;
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() Write down the Lagrangian L = T − V for this problem.

8. For the problem of Question 7, determine the Euler-Lagrange equation

and thereby express θ̈ in terms of the generalized o-ordinate θ.

9. A wedge of mass M , height h, and with aute angle with the horizontal

of α, is free to slide on a horizontal surfae. A mass m is plaed at the top of

the wedge and slides freely without frition.

(a) Show that this system has two degrees of freedom, whih we take to

be the distane q the mass has slid down the wedge and the distane x the

wedge has moved from its initial position with its right-angled orner at the

origin by expressing the oordinates of the small mass (xm, ym) in terms of the

x-oordinate xM of the right-hand wall of the wedge, the variables q, and h and

α.

(b) Write down the Lagrangian of the system in our generalized oordinates.

10(a) For the problem of Question 9, write down the Euler-Lagrange equation

for eah of the generalized oordinates;

(b) Hene �nd the exat value of the aeleration of the wedge, of the sliding

mass relative to the wedge, and of the sliding mass relative to the ground.

15



Problem Set 9: Rotating frames of referene

1. Coriolis fore A mass m is moving outwards with radial veloity vr along

a radial line from the entre of a spinning dis of angular veloity ω.

(a) What is the angular momentum of the mass when at a distane r from

the entre?

(b) Write the torque τ as τ = Fcr where Fc is the so-alled Coriolis fore

being exerted on the mass in order for this to happen. Use τ = L̇ to �nd the

value of Fc.

2. Let A be an observer at the entre of a spinning aruousel of radius r as

in Question 1 and B be standing on the ground outside. Let vA be veloity of

a point P moving around the rim with respet to A.

(a) What is vB , the veloity of P with respet to B?

(b) What is fore ating on P in terms of vB?

() What is the fore on P in terms of vA?

Let two referene frames S and S′
oinide at time t = 0 and let S′

rotate

about the z axis so that at time t ∠xOx′ = φ(t). Let the artesian basis vetors

of the respetive systems by denoted by i, j,k and i′, j′,k′
, noting that k = k′

.

3. Find the matrix A suh that

[

i′

j ′

]

= A

[

i

j

]

.

4. Let a = (ax, ay, az) be an arbitrary vetor. Find a in terms of the dashed

oordinates.

5. We write

da
dt

and

Da

dt
to denote time derivatives with respet to the

stationary and the rotating frames respetively. Verify that

da

dt
=

Da

Dt
+ φ̇(a′xj

′ − a′yi
′).

6. Writing Ω = φ̇k, (the angular veloity vetor), show that

da

dt
=

Da

dt
+Ω × a.

7(a) Take a = r, the position vetor of a partile, in order to prove that

d2r

dt2
=

D2r

Dt2
+

DΩ

Dt
× r + 2Ω× (Ω× r).

(b) Hene show that if a partile P is subjet to a fore F then in the rotating

frame S′
we have the equation of motion:

m
D2r

Dt2
= F −m

DΩ

Dt
× r − 2mΩ× Dr

dt
−mΩ× (Ω × r).

16



8. Consider now the equation of part 7(b) as it applies to a partile of mass

m on the Earth's surfae under the ation of an external fore F .

(a) Show that the equation simpli�es to

F = −mge, where ge = g −Ω×(Ω × r).

(b) What is the diretion of the vetor Ω×(Ω × r)?

9. Show using the Cosine rule that for a point P of latitude λ on the Earth's

surfae, whih has radius R, that

g2e = g2 +Ω4R2 cos2 λ− 2gΩ2R cos2 λ.

10. Taking the radius of our planet to be 6, 371km, �nd the minimum e�e-

tive aeleration at the Earth's surfae as a perentage of that at the poles.

17



Problem Set 10: Central fores

1(a) Show that for any vetor a = a(t) that

a•
da

dt
= |a|d|a|

dt
.

(b) Hene show that

∫

mr̈ • ṙ dt = 1

2
m|v|2 + c.

2(a) By taking the salar produt of the equation of motion with ṙ for a

fore of the form F (r) = F (r)ṙ show that the energy equation takes the form:

1

2
m|v|2 −

∫

F (r) dr = E.

(b) Find the form for the potential energy in the ase where F (r) = 1
r2
.

3. The artesian oordinates (x, y, z) of a moving partile of massm are given

by x = at, y = bt2, and z = ct3, where a, b, c are onstants. Find expressions

for

(a) the fore ating on the partile;

(b) the moment of this fores about the origin O;

() the angular momentum of the partile about O.

(d) Verify that the moment of the fore is equal to the rate of hange of the

angular momentum of the partile.

Consider a entral fore, ating on a point P , whih is one of the form

F = F (r)r̂ =
F (r)

r
r

where r denotes the position vetor of P .

4(a) Show that the moment vetor M about the origin is 0.

(b) Show that the angular momentum L of the partile is onstant.

5(a) Prove that the path of P lies in a plane perpendiular to L.

(b) Prove that the radial vetor r sweeps out area at a onstant rate.

6(a) Derive the identity:

d

dt
(ṙ ×L) =

F (r)

r

(

(r • ṙ)r − (r • r)ṙ
)

.

(b) And hene obtain:

d

dt
(ṙ ×L) = F (r)ṙr − F (r)rṙ.

18



7. Show that if the right hand side of the equation of 6(b) may be written

as a derivative of the form

d

dα
(α(r)r)

then it is neessarily the ase that F (r) = − λ
r2
, for some onstant λ.

8(a) Use Question 7 to show that if F (r) is an inverse square law then the

vetor

K = ṙ ×L− λ
r

r

is onstant.

(b) Show that, if non-zero, the vetors L,K,L × K form an orthogonal

basis at eah point P of the path of the partile.

9. If a partile of mass m moves under a entral fore F (r) = −µr (µ > 0)
show that

(a) r = a sinωt+b cosωt, where ω2 = µ
m

and a and b are arbitrary onstant

vetors.

(b) Find the angular momentum L in terms of a, b, µ and m;

() Similarly determine the total energy E.

10. A partile of mass m moves under the ation of an inverse square fore

F (r) = −λr
r3

= −λr̂
r2
. Show diretly that the time derivatives of both the angular

momentum vetor L = mr × ṙ and K = ṙ ×L− λr

r
are both 0.
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Hints for Problems

Problem Set 1

1. Solve

∑

k mk(xk − x) = 0.

Problem Set 2

Apply the de�nitions and results stated in the introdution to Set 1.

3. Swith to polar oordinates.

4. Ix =
∫

r2 dm.

6(a) I =
∫ ∫ ∫

R
ρx2 dV.

7(a) dV = lrdrdθ.

(b) Use (a) and Perpendiular axis theorem.

() Use (b), integrate ontribution of thin slies parallel to base, and employ

the Parallel axis theorem.

10. Find dm for thin irular diss (remember the result of 7(a)) in terms

of m,R, h and r and use similar triangles to express r in terms of z.

Problem Set 3

9 & 10. Do make use of the symmetries of these shapes to simplify integrals.

Problem Set 4

2(a) You need to introdue a symbol R for the radius of the pulley in order

to work with the relevant equations, but it anels out in the end.

7. Equate the torque around the suspension point to 0, noting that the

weight of the beam ats through its entre of mass.

Problem Set 5
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6. Test eah ase and see whih one give an answer onsistent with the given

data.

7(b) If m2 moves a distane x downwards, how far does m1 move upwards?

8(a) This time T1 = 2T2 and the aeleration of the seond pulley is the

average of that of m2 and m3; but you need to justify both these fats.

10(b) The trikiest equation is T2 − T1 −m2µg = m2a, then use (a).

Problem Set 6

5(b) Modify the virtual work equation, adjoining a term for the virtual work

done by the fritional fore R.

10. Find RB using virtual work. Then �nd RA may be found easily from

Newton's law.

6. a×(b × c) = (a • c)b− (a • b)c.

Problem Set 7

7. We require that T ≥ 0 so write down an equation for the tension in the

string using Newton's law and use onservation of energy to replae v2 with the

given parameters of the equation. In (b) T < 0 is now permitted so we need

only ensure that v > 0, whih is a weaker ondition.

9. Use energy onservation to �nd out the value of aθ̈. Then use Newton's

laws to write down equations for the fritional fore F and the vertial reation

R. Finally put µ = F
R
to �nd the value of µ at the slipping point.

10. There is a rebound impulse P perpendiular to the door and an impulse

J at the hinge A also perpendiular to the door. The moment imparted by

the impulse equals the hange in angular momentum of the door. Equate the

angular momentum before and after ollision and put J = 0.

Problem Set 8

7. Think spherial oordinates.

Problem Set 10
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6(a) Show that ṙ • L̇ = 0, (b) Use that d
dt
(r • r) = 2r.

22



Answers to the Problems

Problem Set 1

1.

∑
k mkxk∑
k mk

. 2. (x, y) = (12a,
13
18a). 3(b)

(

7
6 ,

23
6 ). 4 & 5. (2a3 , b

3 ). 6. (0, 4a
3π ).

7. (0, 85 ). 8. (0, 8
7 ). 9. M = 14, Mx = 11, My = 10, (x, y) = (57 ,

11
14 ). 10.

Ix = 12, Iy = 39
5 , I0 = 99

5 ; Rx =
√

6
7 , Ry =

√

39
5 , R0 =

√

99
70 .

Problem Set 2

1. (12 ,
2
5 ). 2.

M
12 (b

2 + c2). 3. (0, 0, 43 ). 6(a)
ml2

3 , (b)

ml2

12 7(a)

mR2

2 (b)

mR2

4 ()

m
12 (3R

2 + h2).8(a) mb2

12 , (b)

mb2

3 . 9(a)

m
12 (a

2 + b2), (b) m
3 (a

2 + b2), ()
m
12 (4a

2 + b2). 10. 3
10mR2

.

Problem Set 3

1(a)

2
5mR2

, (b)

2m
5 · R5

1
−R5

2

R3

1
−R3

2

. 2.

2
3mR2

. 4.

√

10gh
7 5.

√

6gh
5 6.

√

4gh
3 ; sphere

beats ylinder beats hollow sphere. 7.

√
gh. 9.

(3π+4)a
18π . 10.

128
105π .

Problem Set 4

1. 1884 · 96J, 157 · 08watts. 2(a) 1
2Ma, (b) 2mg

2m+M
, () 2

√

mgh
2m+M

. 4(a)

T1 = m1a and m2g − T2 = m2a, (b)
2m2g

2m1+2m2+M
. 5(a)

2m2−2m1(sin θ+µ cos θ)
M+2m1+2m2

g,

(b) m2 = m1(sin θ + µ cos θ). 6(a) g sin θ − gµ cos θ, (b) a
2g cos θ , ()

2
3g sin θ,

(d) arctan(3µ). 7. 2m
(

1 + a
L−2a ). 8(a)

2g

2+
(

R
r

)

2 , (b)
2
3g. 9. RB = a

L
· mg,

RA = (1− a
L
)mg. 10.

Problem Set 5
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1. µs = 0 · 4, µk = 0 · 2. 2(a) −7 · 84m/se

2
, (b) 25 · 5m, () 2 · 55s. 3(a)

F (cos θ+µ sin θ)−mgµ

m
, (b) mgµs

cos θ+sin θµs
. 4(a) a = g(m−µM)

M+m
; M > µm, (b)

1
5 . 5(a)

g
m−M(sin θ+µ cos θ)

M+m
, (b) g

M(sin θ−µ cos θ)−m

M+m
. 6. 0 · 9 m/se

2
. 7(a) 2T − m1g =

m1a, T − m2g = m2a1, (b), a2 = 2a1 () a1 = g(2m2−m1)
4m2+m1

, a2 = 2g(2m2−m1)
4m2+m1

,

T = 3m1m2g
4m2+m1

. 8(b)





m1 0 2
0 m2 1

−2m3 −m3 1









a1
a2
T2



 = g





m1

m2

m3





. 9(a) m1m2 +m1m3 +

4m2m3, (b) see worked solutions, () a1 = − g
3 , a2 = a3 = g

3 , T1 = 4gm
3 , T2 =

2gm
3 . 10(a) F

m1+m2+m3

− µg, (b) T1 =
m1F

m1+m2+m3

; T2 =
(m1+m2)F
m1+m2+m3

.

Problem Set 6

1. & 2. RB = a
L
·mg, RA = (1− a

L
)mg. 3(a) y = L cos θ, dy

dθ
= −L sin θ, x =

2L sin θ, dx
dθ

= 2L cos θ; (b) 5(a) Fµ
2 (b) .BX = F

2

(

tan θ−µ), () 1−µ cot θ. 6(a)

tan θ = d
y
, y = d cot θ. dy

dθ
= − d

sin2 θ
, (b)δU = −Pδy −Mδθ, () Pd

sin2 θ
. 7(a) one;

generalized oordinate an be either x or θ, eah of whih determine the position

of the system. (b) yP = l
2 cos

θ
2 , δyP = − l

4 sin
θ
2 (b) xP = l sin θ

2 + l
2 sin

θ
2 =

3
2 l sin

θ
2 ,δx = 3

4 l cos
θ
2δθ. ()θ = 2 arctan 3P

2mg
. 8. yC = 2l sin θ, yb = 1

2yc. (b)

F = ks = 2kl sin θ − kh. () arcsin
(

P+2kh
4kl

)

. 9. 2mg cot θ
√

1 + ( b
L
)2 − 2b

L
cos θ.

10. RB = 6
√
3− 24

√
2

5 = 3 · 6041 (4d.p),RA = 4
√
3 + 4

√
2

5 = 8 · 0596 (4 d.p.).

Problem Set 7

5(a) θ(t) = C1 cos
√

g
l
t+C2 sin

√

g
l
t, (b) θ(t) = θ0 cos

√

g
l
t, t ≥ 0, () 2π√

g

√
l.

7(a)

√

5g
l
, (b)

√

4g
l
. 8(b) X = mg sin θ + maθ̇2 = 5

2mg sin θ, Y = mg cos θ −
maθ̈ = 1

4mg cos θ. 9. µ = 6(3
√
3−4)

31−12
√
3
= 0 · 3513 (4 d.p.). 10.

4
3a.

Problem Set 8

1(a) 1 degree of freedom; (b) L = m
2 (ẋ

2 + ẏ2) () L(r, ṙ, t) = m
2 (ṙ

2 + r2ω2).

2. r(t) = C1e
ωt + C2e

−ωt. 3(a) L = ma2θ̇2(1 − cos θ) − mga(1 + cos θ),
(b)θ̈(1−cos θ)+ 1

2 θ̇
2 sin θ− g

2a sin θ = 0. 4. θ̈+θ̇2 cot θ
2−

g
2a cot θ

2 = 0. 5. cos( θ2 ) =
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C1 cos
√

g
4a t+C2 sin

√

g
4a t. 7(a) 1, (b)x = R sin θ cosωt, y = R sin θ sinωt, z =

R cos θ, ẋ = Rθ̇ cos θ cosωt−Rω sin θ sinωt, ẏ = Rθ̇ cos θ sinωt+Rω sin θ cosωt, ż =
−Rθ̇ sin θ. () L = 1

2mR2(θ̇2+ω2 sin2 θ)−mgR cos θ. 8. θ̈ = 1
2ω

2 sin 2θ+ g
R
sin θ.

9. 2 degrees of freedom; xm = xM + q cosα, ym = h − q sinα,ẋm = ẋm +
q̇ cosα, ẏm = −q̇ sinα. (b) L = 1

2m(ẋ2
M + q̇2++2ẋM q̇ cosα)+ 1

2Mẋ2
M −mg(h−

q sinα). 10(a) ẍM = − mg sinα
M+m sin2 α

; q̈ = g sinα + mg sinα
M+m sin2 α

, ẍm = q̈ + xM =
g sinα.

Problem Set 9

1(a)mrω2
, (b) 2mωvr. 2(a) vA+ωr, (b)

v2

A

r
+2ωvA+ω2r. 3.

[

cosφ sinφ
− sinφ cosφ

]

.

4. = (a′x cosφ− a′y sinφ)i + (a′x sinφ+ a′y cosφ)j + a′zk. 5.

Problem Set 10

3(a)m(0, 2b, 6ct). (b)m(4bct3, −6act2, 2abt) ()m(bct4, −2act3, abt2). 9(b)
L = mω(b× a), () E = 1

2mω2(|a|2 + |b|2) = µ
2 (|a|2 + |b|2).
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