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The �rst �ve problem sets in this module are about te
hniques to solve

�rst linear and then quadrati
 equations in modular arithmeti
. The solving of

quadrati
 
ongruen
es is a surprisingly intriguing subje
t and we shall take one

of the main theorems, the so 
alled Quadrati
 Re
ipro
ity Theorem for granted.

This theorem relates the existen
e of solutions to the equations x2 ≡ p (mod

q) and x2 ≡ q (mod p). It was thought to be true for many years before being

proved by Gauss, in eight di�erent ways. Problem Set 3 introdu
es the so 
alled

RSA algorithm, whi
h is the basis of pretty mu
h all internet 
ryptography.

It 
ompletely relies on 
ongruen
es based on large prime numbers and is the


ertainly the most major appli
ation of number theory to the everyday world.

It is arguably the single most important appli
ation of mathemati
s that we

have.

Set 6 is on the topi
 of 
ountable and un
ountable sets. It was proved by

Cantor using his Diagonal Argument that the integers and the real numbers


annot be mat
hed in one-to-one 
orresponden
e and this questin set explores

various interesting 
olle
tions and asks whi
h ones have the same 
ardinality as

the integers and whi
h do not.

Set 7 introdu
es di�eren
e equations, whi
h are the dis
rete analogoue of

di�erential equations and the elementary ones presented here may be solved

using parallel te
hniques.

Set 8 introdu
es both standard and exponential generating fun
tions for


ombinatorial sequen
es and gives problems that 
an be solved using them. Set

9 is based on the In
lusion-Ex
lusion Prin
iple, whi
h is almost a 
ommon sense

pie
e of mathemati
s that yet has powerful appli
ations and is indispensable

for many 
ombinatorial 
ounting problems. The �nal set introdu
es Catalan

numbers, whi
h 
ount a number of di�erent types of 
ombinatorial obje
ts and

are intimately related to the 
entral binomial 
oe�
ients.
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Problem Set 1 Linear Congruen
es

Re
all that the statement that integers a and b are 
ongruent modulo n,
written, a ≡ b (mod n) means that b = a + kn for some integer k. A linear


ongruen
e is an equation of the form ax ≡ b (mod n). Find all least residue

solutions, whi
h means solutions in the range 0 ≤ x ≤ n − 1 for the following


ongruen
es. Let d = g
d of a and n. There are no solutions to the 
ongruen
e

equation if d is not a fa
tor of b but if it is then there are d solutions.

1. 3x ≡ 2 (mod 6)
2. 5x ≡ 2 (mod 6)
3. 4x ≡ 2 (mod 6).
4. 6x ≡ 14 (mod 31).
5. 15x ≡ 12 (mod 57).
6. Find a number that leaves a remainder of 1 when divided by 2, a remainder

of 2 when divided by 3 and of 3 when divided by 5.
7. Find the smallest odd n > 3 su
h that 3|n, 5|n+ 2, and 7|n+ 4.
8. Solve the simultaneous linear 
ongruen
es

x+ 2y ≡ 3 (mod 7), 3x+ y ≡ 2 (mod 6).

9. How many possibilities are there for the number of solutions of a linear


ongruen
e modulo 20?
10. February 1968 had �ve Thursdays. How many other years up to and

in
luding 2100 will be so ri
h in February Thursdays?
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Problem Set 2 Linear Diophantine Equations

In Questions 1-3 �nd all solutions in integers.

1.

2x+ y = 2.

2.

15x+ 16y = 17.

3.

15x+ 18y = 17.

4. Solve in positive integers

7x+ 15y = 51.

5. Solve in negative integers

6x− 15y = 51.

6. Solve in positive integers the simultaneous equations:

x+ y + z = 31, x+ 2y + 3z = 41.

7. Suppose that a 
olle
tion of 
entipedes, s
orpions, and worms 
ontains

296 legs and 35 heads. How many worms are there?

8. A farmer sold her sheep for ¿180 ea
h and her 
ows for ¿290 a pie
e,

re
eiving ¿2890. How many 
ows did she sell?

9. When Ann is half as old as Mary will be when Mary is three times as old

as Mary is now, Mary will be �ve times as old as Ann is now. Neither Ann nor

Mary may vote. How old is Ann?

10. Andy and Bob put their 
olle
tions of vinyl re
ords up for sale on the

internet with Andy selling 30 re
ords and Bob 40. Ea
h sold some of their

re
ords at ¿5 ea
h and the rest at a 
ommon lower pri
e in an integer number

of pounds. And ea
h re
eived the same amount of money overall. What is the

smallest amount that ea
h 
ould have re
eived?
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Problem Set 3 RSA Cryptography

Re
all that the greatest 
ommon divisor of integers a and b is written as

d = (a, b). The Euler φ-fun
tion φ(n) is de�ned on the positive integers by

φ(n) = |{k ≤ n : (k, n) = 1}|; it has the property that aφ(n) ≡ 1 (mod n) for
any 1 ≤ a ≤ n− 1.

1. For a prime p, �nd the value of φ(pm).
2. Given that φ(ab) = φ(a)φ(b) if (a, b) = 1, show that

φ(k) = k(1− 1

p1
)(1 − 1

p2)
) · · · (1− 1

pr
)

where p1, p2, · · · , pr are the distin
t prime fa
tors of k.

RSA 
ryptography algorithm Bob sends Ali
e a message, 
oded as a number

M . Her private key is (p, q, d) where p, q are primes. Her publi
 key, known to

all, is (n = pq, e) where (e, φ(n)) = 1.

Here we take p = 3, q = 11 and e = 7.

3. Find n, and φ(n) in this 
ase and show that e = 7 satis�es the previous


riterion.

4. The number d satis�es 1 ≤ d ≤ φ(n) − 1 and ed ≡ 1 (mod φ(n)). Find d
in this example.

5. Bob sends to Ali
e M e
(mod n). Find Bob's transmission for M = 6.

6. Show that

M ed ≡ M (mod n).

7. Show how Ali
e 
an now re
over Bob's plaintext message, M = 6.
8. Let (p, q) = (23, 47) and e = 15. Let M = 77. Show that Bob's transmis-

sion is now 646.
9. Show that in this 
ase d = 135.
10. Re
over Bob's plaintext message M = 77 for Ali
e.
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Problem Set 4 Quadrati
 
ongruen
es

Throughout, let p and q denote odd primes.

1. By a 
ompleting the square argument, show that any quadrati
 
ongru-

en
e

Ax2 +Bx+ C ≡ 0 (mod p), A 6= 0,


an be redu
ed to one of the form y2 ≡ a (mod p).
2. Apply this approa
h to redu
e 2x2 + 3x + 1 ≡ 0 (mod 7) to the form

y2 ≡ a (mod 7) and �nd the two least residue solutions.

3. Solve 3x2 + x+ 4 ≡ 0 (mod 7).

4. Show that if p is not a fa
tor of a then x2 ≡ a (mod p ) has either no
solutions or exa
tly two (least residue) solutions.

5. By using the 
orresponding property or the Euler φ−fun
tion (see Set 3)

derive Fermat's lemma, that

ap ≡ a (mod p).

6. Dedu
e from Question 5 that

a
p−1

2 ≡ ±1 (mod p).

Euler's 
riterion Given that p is not a fa
tor of a, the 
onguen
e x2 ≡ a
(mod p) has two solutions or no solutions a

ording as:

a
p−1

2 ≡ 1 or −1 (mod p).

We 
all a a quadrati
 residue or a quadrati
 non-residue a

ordingly.

7. By 
he
king the Euler 
riterion, show de
ide whether or not 7 is a

quadrati
 residue modulo 31.

For questions 8 and 9 show that the equations in question have solutions

and �nd them.

8. x2 ≡ 7 (mod 31).
9. x2 ≡ 41 (mod 61).
10. Find 
onditions on r that will ensure that if a is a quadrati
 residue

(mod p) and ab ≡ r (mod p), then b is a quadrati
 residue (mod p).
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Problem Set 5 Quadrati
 re
ipro
ity and the Legendre symbol

The Legendre symbol (a/p) = ±1 a

ording as a is or is not a quadrati


residue modulo p. The Quadrati
 Re
ipro
ity Theorem says that if p ≡ q ≡ 3
(mod 4), then (p/q) = −(q/p); otherwise (p/q) = (q/p).

For Questions 1-3 show that the Legendre symbol has the following proper-

ties.

1. If a ≡ b (mod p) then (a/p) = (b/p).

2. If p is not a fa
tor of a then (a2/p) = 1.

3. If p is not a fa
tor of either a or b then (ab/p) = (a/p)(b/p).

4. Find the values of (19/5) and (−9/13).

5. Find whether or not x2 ≡ 85 (mod 97) has a solution.

6. Prove that (−1/p) = 1 if p ≡ 1 (mod 4) and (−1/p) = −1 otherwise.

7. Given that (2/p) = 1 if and only if p ≡ 1 or p ≡ 7 (modulo 8), �nd

(3201/8191).

8. First show that x2 ≡ 14 (mod 31) has solutions and then �nd them.

9. Show using the Quadrati
 Re
ipro
ity Theorem to show that if p = q+4a
then (a/p) = (a/q).

10. Find all the solutions of x2 ≡ 211 (mod 159).
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Problem Set 6 Countable and Un
ountable Sets

We 
all an in�nite set S 
ountable if there is a bije
tion f : N →S (ie, a

one-to-one and onto mapping). Finite sets are also 
onsidered to be 
ountable.

Cantor's diagonal argument shows that the real interval (0, 1) is un
ountable,
meaning not 
ountable. The S
hroeder-Bernstein argument shows that if there

are inje
tive mappings (ie one-to-one fun
tions) from a set A to a set B and

from B to A, then there is a bije
tion between the sets, in whi
h 
ase we say

that A and B have the same 
ardinal. A subset of a 
ountable set is easily seen

to be either 
ountable or �nite.

1. Show that S = {x ∈ R : 0 < x < 1
2} is un
ountable.

2. Show that the union

A =

∞
⋃

n=1

An

of a list A1, A2, · · · , of 
ountable sets is 
ountable.
3. Prove that the sets Z, of all integers and Q, the set of rationals, are


ountable sets.

4. Dedu
e using Question 4 that the set I of all irrational numbers is un-


ountable.

5. Show that the dire
t produ
t (or Cartesian produ
t)

P = A1 ×A2 × · · · ×An = {(a1, a2, · · · , an) : ai ∈ Ai, 1 ≤ i ≤ n}

of �nitely many 
ountable sets Ai (1 ≤ i ≤ n) is itself 
ountable.
6. Show that the result of Question 5 does not extend to 
ountably many

fa
tors by putting Ai = {0, 1} (i = 1, 2, · · ·) and 
onsidering A1 × A2 × · · · ×
An × · · ·.

7. Show that the range of a fun
tion f : A → B, where A is a 
ountable set,

is itself 
ountable.

8. Let A and C be 
ountable sets. If B is some arbitrary set, 
an you de
ide

whether or not A ∪ (B ∩ C) is 
ountable?
9. Prove that the set C of all 
omplex numbers is un
ountable.

10. Show that the set of all algebrai
 numbers, whi
h are real numbers that

are roots of some polynomial equation with rational 
oe�
ients, is 
ountable.

Hen
e dedu
e that the set of trans
endental numbers (real numbers that are not

algebrai
) is un
ountable.
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Problem Set 7 Di�eren
e Equations

1. Solve the di�eren
e equation un = 2un−1 + 1, n = 1, 2, · · · with u0 = 0.
2. The Fibona

i numbers fn are de�ned by f0 = 0, f1 = 1 and fn+1 =

fn + fn−1 for all n ≥ 1. By substituting fn = Awn
, �nd a formula for fn of the

form fn = A1w
n
1 +A2w

n
2 .

3. Hen
e �nd limn→∞
fn+1

fn
.

4. For the se
ond order homogenous linear di�eren
e equation

un = pun+1 + qun−1,

with p+q = 1, p 6= q by substituting un = Awn
�nd two 
andidates un = A1w

n
1

and un = A2w
n
2 for solutions.

5. Che
k that

un = A1w
n
1 +A2w

n
2

does indeed solve the equation of Question 4.

6. Determine values of A1 and A2 so that u0 = 0 and ul = 1 and so �nd the

solution to the equation with these values.

7. The 
ase where p = q = 1
2 is that of twin roots of the asso
iated quadrati


for then we �nd w1 = w2 = 1 = w. In that 
ase we seek solutions in the form

un = (A1 +A2n)w
n
. Use this approa
h to solve

un =
un−1 + un+1

2
, u0 = 0, ul = 1.

8. Solve the inhomogenous di�eren
e equation

vn = 1 + pvn+1 + qvn−1

with v0 = vl = 1 and p+ q = 1 by augmenting the solution of the 
orresponding

homogeneous equation by adding the term f(n) = kn.
9. Solve the equation of Question 8 for the 
ase p = q = 1

2 by adding the

augmented solution f(n) = kn2
to that of the solution of the 
orresponding

homogeous equation.

10. Hen
e solve the equation of Question 8 and 9 subje
t to the initial


onditions that u0 = 0 and ul = 1.
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Problem Set 8 Generating fun
tions

Suppose that ar is the number of ways of sele
ting r obje
ts subje
t to

some 
onstraints. The generating fun
tion for the ar is then g(x) =
∑∞

r=0 arx
r
,

while the expontential generating fun
tion is g(x) =
∑∞

r=0
arx

r

r! . One parti
ular

example used in several of these quesionts is

∞
∑

r=0

(

r + n− 1

r

)

xr =
1

(1− x)n
.

.

1. Find the 
oe�
ient of xr
in (x2 + x3 + · · ·)5.

2. Find the 
oe�
ient of x12
in x2(1− x)−10

.

3. Find the number of ways of sele
ting 10 balls from a large pile of red,

white, and blue balls if there must be an even number of blue balls.

4. How many ways are there to pla
e an order for 12 drinks if there are 5
types of drinks and at most four drinks of any one type are allowed?

5. Write down the generating fun
tion for 
olle
ting r euros from 20 people,
ea
h of whi
h 
an give either 1 euro or nothing and the other 
an give either

0, 1, or 5 euros. Hen
e �nd the number of ways of 
olle
ting 15 euros from this

group.

6. Find the number of ways to distribute 25 balls into seven distin
t boxes

if the �rst box 
an have no more than 10 balls but the others 
an hold any

amount.

7. How many ways are there to sele
t 25 toys from seven types with between

two and six of ea
h type.

8. How many ways are there of getting a sum of 25 when 10 di
e are rolled?

9. Use exponential generating fun
tions to �nd the number of ways of pla
ing

25 people into three rooms with at least one person in ea
h room.

10. Find the number of r-digit quaternary sequen
es (sequen
es made from

the digits 0, 1, 2, 3) with an even number of 0's and an odd number of 1's.
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Problem Set 9 In
lusion-ex
lusion Prin
iple

In
lusion-ex
lusion prin
iple Let U denote a universal set of N elements and

let Ai ⊆ U for 1 ≤ i ≤ n. Let Sk denote the sum of the sizes of all the k-tuple
interse
tions of the Ai's . Surpressing the interse
tion signs we write:

|Ā1Ā2 · · · Ān| = N − S1 + S2 − S3 + · · ·+ (−1)kSk + · · ·+ (−1)nSn.

1. How many ways are there to sele
t a 5-
ard hand from a regular 52-
ard
de
k su
h that the hand 
ontains at least one 
ard in ea
h suit?

2. How many ways are there to roll 10 di
e with all 6 fa
es appearing?

3. How many n digit de
imal sequen
es (using 0, 1, 2, · · · , 9) are there in

whi
h the digits 1, 2 and 3 all appear?

4. How many ways are there to distribute r distin
t obje
ts into �ve distin
t
boxes with at least one empty box?

5. Use generating fun
tions to �nd the number of di�erent integer solutions

to the equation x1 + x2 + · · ·+ x6 = 20, 0 ≤ xi ≤ 8.
6. Solve Question 5 using in
lusion-ex
lusion.

7. If n leads are plugged randomly into n so
kets, what is the probability

that no lead is in its 
orre
t so
ket?

8. A permutation α on n̄ = {1, 2, · · · , n} for whi
h iα 6= i for all 1 ≤ i ≤ n
is 
all a derangement. Find the limiting proportion of derangements of all the

permutations on n̄.
9. Show that

Dn = (n− 1)(Dn−1 +Dn−2) (n ≥ 3).

10. Use Question 9 to show that

Dn = nDn−1 + (−1)n (n ≥ 2).
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Problem Set 10 Catalan numbers

The nth Catalan number Cn is the number of ways of splitting a regular

(n+ 2)-gon into n triangles by non-interse
ting diagonals of the polygon.

1. Conventionally we put C0 = 1. Find Cn for n = 1, 2, 3.
2. Use an indu
tive argument to prove the re
urren
e:

Cn =

n
∑

k=1

Ck−1Cn−k.

3. By 
onsidering a box of n red and m blue balls, justify the identity:

n
∑

k=0

(

n

k

)(

m

k

)

=

(

n+m

m

)

for n ≤ m.

4. Show that the 
entral binomial 
oe�
ient

(

2n
n

)

satis�es:

(

2n

n

)

=
(− 1

2 )(− 3
2 ) · · · (− 2n−1

2 )

n!
(−4)n.

5. Hen
e show that the generating fun
tion g(x) for the 
entral binomial


oe�
ients is

g(x) =

∞
∑

n=0

(

2n

n

)

xn =
1√

1− 4x
, where |x| < 1

4 .

6. By use of the fa
torization

(1− 4x)−1 = (1 − 4x)−
1
2 · (1− 4x)−

1
2

verify the identity

n
∑

k=0

(

2k

k

)(

2n− 2k

n− k

)

= 4n.

7. By repla
ing x by x2
and integrating both sides of the equality of Question

5 between 0 and

1
4 dedu
e the identity:

∞
∑

n=0

1

42n(2n+ 1)

(

2n

n

)

=
π

3
.

8. Let h(x) =
∑∞

k=0 Ckx
k
. Show that

(h(x))2 =

∞
∑

k=0

Ck+1x
k
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.

9. Use Question 8 to set up a quadrati
 equation for h(x) and 
on
lude that

h(x) =
1−

√
1− 4x

2x

.

10. By expanding h(x) by the Binomial theorem, dedu
e that

Cn =
1

n+ 1

(

2n

n

)
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Hints for Problems

Problem Set 1

Congruen
e problems: for d = g
d(a, n) the equation ax ≡ b (mod n) is
equivalent to a′x ≡ b′ (mod n′

) where a′ = a
d
, b′ = b

d
and n′ = n

d
. Adding

multiple of the modulus to the RHS then eventually allows 
an
ellation; alter-

natively a
ting the Eu
lidean algorithm on the pair a′, n′

an be used to �nd

all solutions.

9. Express as three linear 
ongruen
es. Find the general solution of the �rst

and substitute into the se
ond, solving for the free variable, and 
ontinue.

Problem Set 2

One method to solve linear Diophantine equations is to work module a where
a is one of the 
oe�
ients of x or y (easiest to take the smallest 
oe�
ient). This

will give one variable in terms of a parameter t that 
an then be substituted

into the equation to �nd both x and y in terms of t. The solution set 
an then

be formulated, taking into a

ount any further restri
tions on the solution type

required.

Problem Set 3

No parti
ular hints: just be mindful of the given de�nitions and de�ning

properties of the parameters that are used to prove various properties listed,

su
h as that in Question 6.

Problem Set 4

1. Use the fa
t that ax ≡ 1 (mod p) has a unique solution to make the


oe�
ient of x2
equal to 1; however you need to deal separately with the 
ases

where the 
oe�
ient of the linear term is even or odd.

4. If r is a solution, then so is p − r. Then you need to 
he
k that every

solution equals either r or p−r. Use the di�eren
e of two squares and the Eu
lid
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lemma; if a prime divides a produ
t then the prime divides one of the fa
tors

of that produ
t.

8. & 9. Add on mulitples of the modulus to the right hand side; upon

rea
hing a number with a square fa
tor s2, divide both sides by s2 and 
ontinue

the 
al
ulation with

(

x
a

)2
.

10. Use the Euler 
riterion.

Problem Set 5

2. Just solve the 
orresponding equation.

3. Begin with (a/p) ≡ a
p−1

2
(mod p).

6. Again use the Euler 
riterion.

9. Relate (p/q) and (q/p) to (a/q) and (a/p) respe
tively, use the CRT and

the fa
t that p ≡ q (mod 4).

10. Fa
torize the modulus into the produ
t of two primes and solve in the

manner of the Chinese Remainder Theorem substitution te
hnique.

Problem Set 6

1. Argue by 
ontradi
tion: if (0, 1
2 ) were 
ountable, show there would be a

bije
tion g : N → (0, 1), whi
h you know does not exist.

2. A bije
tion from N onto the set Ai 
an be regarded as a list of all its

members, ai,1, ai,2, · · ·. Use all these lists to somehow 
reate one big list for

their union.

3. One way to show that Q is 
ountable is to list its members by breaking

Q into a union of �nite sets and 
ombining the lists of these �nite subsets into

one grand list.

5. By indu
tion, only the n = 2 
ase need be done and again the 
hallenge

is 
reate one big list of A1 ×A2 from given lists for A1 and A2.

6. Think binary and that will allows you to set up a bije
tion from the

in�nite produ
t set and all the reals in the unit interval, whi
h you know form

an un
ountable set.

10. Show that the set of roots of polynomials with rational 
oe�ents that

have degree at most n is 
ountable. The set A of algebrai
 numbers is just the

union of all su
h sets and, being then a 
ountable union of 
ountable sets, it

will follow that A itself is 
ountable.

Problem Set 7
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1. Prove by indu
tion a guess that 
an easily be made by 
omputing the

�rst few members of the sequen
e.

Problem Set 8

1. Sume the geometri
 series.

3 - 8. Expand the produ
t of the sums for ea
h term and go after the relevant


oe�
ients.

9. The exponential generating fun
tion in this 
ase is that of (ex − 1)3; we
subtra
t 1 as we want none of the 3 rooms empty. Writing the 
oe�
ients in

the form

ar

r! here is relevant as we are interested in the values of ar as we are not
interested in the order in whi
h the distin
t people are assigned to a room, hen
e

we divide the overall 
oe�
ient by r!. This is why the exponential generating

fun
tion is relevant.

10. Again you want the 
oe�
ient of

xr

r! and the exponential generating

fun
tion works out to be

1
3 (e

4x − 1) as the 'even' and 'odd' restri
tions lead to

series for 
osh and sinh.

Problem Set 9

1. Let ea
h Ai denote the number of hands with a void in ea
h of the four

suits. You want |Ā1Ā2Ā3Ā4|.
4. Use the formula

|A1 ∪ A2 ∪ · · · ∪ An| = S1 − S2 + S3 − · · ·+ (−1)nSn.

5. You want the 
oe�
ient of x20
in

g(x) = (1 + x+ x2 + · · ·+ x8)6.

6. Let Ai be the subset of integer solutions in whi
h xi ≥ 9.

Problem Set 10

2. To set up an indu
tion label the verti
es of the (n + 2)-gon N by the

integers 1, 2, · · · , n and �x attention on the edge E = 1 2. In any partition of

N by non-interse
ting triangles, E is the base of some triangle Tk, where k is

15



the third vertex of Tk (3 ≤ k ≤ n + 2). The sides 1 k and 2 k split N into an

(n− k + 4)-gon and a (k − 1)-gon respe
tively.

5. Use the binomial expansion of (1 − 4x)−
1
2
.

9. Express x(h(x))2 in terms of h(x) and solve the resulting quadrati
 equa-

tion.
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Answers to the Problems

Problem Set 1

1. No solution. 2. 4. 3. {2, 5}. 4. 23. 5. {16, 35, 54}. 6. 23. 7. 213. 8.

x = 3, y = 0 9. 7. 10. 4.

Problem Set 2

1. x = 1−t, y = 2t. 2. x = 16t−1, y = 2−15t . 3. x = 3, y = 2. 4. {(x, y) :
x = −4− 5s, y = −5− 2s, s ≥ 0}. 5.{(25, 2, 4), (24, 4, 3), (23, 6, 2), (22, 8, 1)}. 6.
21. 7. 21. 8. 5. 9. 5. 10. ¿120.

Problem Set 3

1. pm−1(p − 1) 3. n = 33, φ(n) = 20, (7, 20) = 1 4. d = 3 5. M = 30 7.

M = 6 8. 646 9. d = 135 10. M = 77.

Problem Set 4

2. 3 or 4. 3. 4 or 5. 7. 7 is a quadrati
 residue. 8. 10 or 21. 9. 23 or 38.

10. r is a quadrati
 residue.

Problem Set 5

4. 1,1.5. Yes. 7. -1. 8. 13, 18. 10. 23, 76, 83, 136.

Problem Set 6
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Problem Set 7

1. 2n − 1. 2. fn = 1√
5

[(

1+
√
5

2

)n −
(

1−
√
5

2

)n]

, n = 0, 1, 2, · · · . 3. 1+
√
5

2 . 4.

A1,A2

(

q
p

)n
6.

(

q

p

)n

−1
(

q

p

)l

−1
7.

n
l
8. A1+A2

(

q
p

)n
+ n

q−p
. 9. A1+A2n−n2

10. n(l−n).

Problem Set 8

1

(

r−6
r−10

)

. 2. 5005 3. 161 4. 320 5.

(

19
15

)

+
(

19
14

)

+
(

19
10

)

. 6.
(

31
25

)

−
(

20
14

)

. 7.
(

17
11

)

− 7
(

12
6

)

+
(

7
2

)(

7
1

)

. 8.
(

24
11

)

− 10
(

18
9

)

+
(

10
2

)(

14
5

)

. 9. 325 − 3 · 225 + 3 10 4r−1
.

Problem Set 9

1.

(

52
5

)

−4
(

39
5

)

+6
(

26
5

)

−4
(

13
5

)

2. 610−6 ·510+15 ·410−30 ·310+15 ·210−6 3.

10n− 3 · 9n+3 · 8n− 7n. 4. 5 · 4r− 10 · 3r+10 · 2r− 5 5 & 6.

(

25
20

)

− 6
(

16
11

)

+15
(

7
2

)

7. n!
∑n

k=0
(−1)k

k! 8. e−1
.

Problem Set 10

1. C1 = 1, C2 = 3, C3 = 5. 7 π
3 9. h(x) = 1−

√
1−4x
2x 10.

1
n+1

(

2n
n

)

.

18


